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'()*))*+,-././+0+*/12+3+415./.6)/.789.(:;<2=9/.9/<>?@A?B/+C?@D9/++3+,+15./.)3+E<6.F9.(/+GHIA)J5.,+GK/<94*15.();=9/./++*+08/+4)J5.,+49/<LJ)00M.*/+2=*6)(E))*+,-.(/+3)J8E4J+40./+BANOP;(8LJ)00)/+43)J)68/Q95M0)/+R

S+)J5(6T0+*/12+3+4;,*./)(:)32=R;.,5*.(/<94*12(-<;F+9<08/Q*6)(9/<94*15.()0./(R6)/822<2.R+;<L,.R.3(/J13.(9/+*)*)L*=9/<*)3.(J)0)/(9/.,0T*+R/+4GUJ(*3J+5QJM9+40.9/+*3.(J)0)/(90T38*Q9.949/M0)/)94*.5+FR5JT*+4:;,*+40.683+(.R7)9(61R+;<L,.RL()/<*3J+9+0+,Q9<9/+VWHXAWYPGZ)/)J58R:L()*)3J+9+0+(QE.,[/J1-.(\683+(+0+*/12+.3(21L+40./+.(6+*,;(+M.*)2]286/(68)3T/+ĤYX_̀abcdèfg.3(21L+40._edheG'()*);+F0./+)3+/12.90)9.1*)VONĈ:68*+40.;(32T62(638*Q9/+VONĈ6)(.3(21L+40./+.(6+*,;(+L()/<*3J+9)J0+LM/Q*)-T]*Q*9/+6)/822<2+01L.E+RGZ8E.0+*/12+9/NiWHXAWYP03+J.,*)3J+9+0+(=*./)(L()T9+5JT*+E12+40.[)6T0)6)(L()83.(J+\6)(L()T3+(+5J+*(6T;(89/<0)E12+40.[)6T0)6)(L())J*<]/(6+FR5JT*+4R\G'()*);<2=9+40.])228-+40./+5J+*(6T)4/T;(89/<0):3<L),*+40.9/+ĤYX_̀abcdèfgj_̀abcdèfgkdhdalelhm6)(9/<*3.J(+5M_̀abcdèfgǹal/<R6)J/12)R_fcolh;<2=*+40./)3.;,)_edheǹal6)(_efkǹalGp*E12+40.*)3J+9+0+(=*./)(/+0+*/12+L()83.(J+5JT*+;<2=*+40.9/+3.;,+_efkǹal/<*/(0MinfGK/+)J5(6TBANOP;(8LJ)00)q),*./)(<94*12(-</+49M0)/+R.(9T;+46)(/+4949/M0)/+R0.
6J+49/(6M)3T6J(9<h(t) = e−0.5tu(t)Gr.,9+;+R/+4949/M0)/+R03+J.,*).,*)(.,/.<7<0)/(6M94*8J/<9<

u(t):.,/.<.6E./(6M94*8J/<9<eα(t−t0)u(t−t0)
6)(+(+3+,.R03+J+F**).*)22899+*/)(
s
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0.;(32T62(69/+BANOP�dgbdc_�̀e��GK/<*3.J,3/Q9<3+4.3(21L+40.L().,9+;+/<*.6E./(6M94*8J/<9<:03+J+F0.0.;(32T62(69/+BANOP��kfglgèdc*))228-+40./<*.6E./(6M9/)E.J8α6)E=R6)(/<0./)/T3(9<]6)E49/1J<9<t09/+5JT*+:T3QRq),*./)(6)(9/+95M0)

r)J5(6M/(0M/<R6)E49/1J<9<Rt0.3(21L./)(,9<0.0<;1*[)L*+M9/./45T*�?�YWY�V3+4.0q)*,]�+*/)(9/+�NHH?YI�WYIN�/<R>?@A?B\Gr6J+49/(6M)3T6J(9</+4'�p949/M0)/+R.6qJ8�./)(019Q/+40./)95<0)/(90+F�?CA?ÔGK)*)J5(6M/(0M/<R.6E./(6MR9/)E.J8R/<R6J+49/(6MR)3T6J(9<R15+40..3(21-.(/<*/(0M−0.5:+3T/.+0./)95<0)/(90TR�?CA?ÔE);,*./)()3T/<9519<

H(s) =
1

s + 0.5

K/+BANOPnhdgm�lh��g03+J+F0.0.;(32T62(6*))228-+40./<*.6E./(6M9/)E.J86)(L.*(6T/.J)
/<94*8J/<9<0./)q+J8R/+4949/M0)/+RGK/+.3T0.*+95M0)q),*./)(/+3)J8E4J+;()2TL+43+4)*+,L.(0./<*94L6.6J(01*<.*1JL.()G

K/+3.;,+�balhdefh+J,�+40./+*)J(E0</M/<R94*8J/<9<R0./)q+J8R:.*=9/+3.;,+�lgfàgdefh/+*3)J+*+0)9/MGZ)(9/(R;F+3.J(3/=9.(R:;<2=*+40./+494*/.2.9/1R/Q*3+24Q*F0Q*)J(E0</M6)(3)J+*+0)9/MG'()3)J8;.(L0):)*+)J(E0</MR/<R94*8J/<9<R0./)q+J8R.,*)(+s2 + 3s− 2:/T/.9/+3.;,+�balhdefh;,*+40./+4R94*/.2.9/1R9.0+JqM;()*F90)/+R:;<2);M[1 3 − 2]GK/+94L6.6J(01*+0+*/12+:)*E12+40.*))228-+40./<*.6E./(6M9/)E.J8/<R6J+49/(6MR94*8J/<9<R/+4949/M0)/+R:03+J+F0.019Q/+40./)95<0)/(90+F�?CA?Ô6)(/+4�.FL+4R

L{e−αtu(t)} =
1

s + a

*))228-+40./+*3)J+*+0)9/M9/+3)J)38*Q3)J8E4J+;()2TL+4G'()3)J8;.(L0):)*E12+40./+'�p9F9/<0)*)15.(6J+49/(6M)3T6J(9<e−0.1tu(t):/T/./+;(8*490)/Q*94*/.2.9/=*/+4



��~�� ��~x}¡y �|�¢}��x w£��¢�~x}��x w ¤
3)J+*+0)9/M/,E./)(,9+0.[1 0.1]GK/<*3.J,3/Q9<3+4.3(21-+40.L()/+*3)J+*+0)9/M/+;(8*490)94*/.2.9/=*[1 0]/T/./+9F9/<0)E))3+/.2.,1*)*(;)*(6T+2+62<JQ/M0.h(t) = u(t)6)(

H(s) =
1

s¥/)*/T9+<.,9+;+R9/+9F9/<0)T9+6)(<6J+49/(6M)3T6J(9<.,*)(<7<0)/(6M94*8J/<9<
u(t):/T/./+)3T/.2.90)/<R94*12(-<R.,*)()4/T3+4q),*./)(9/+.3T0.*+95M0)

¦6/.219/./)3)J)38*Q6)(.3(7.7)(=9/./))3+/.2190)/)Gr94*12(-</<Ru(t)0./+*.)4/T/<R0)R;,*.(/<94*8J/<9<tu(t)GK4*.3=R)*;<0(+4JLM9././<94*8J/<9<)4/M:E)3J13.(*)2)078*././+,;(+)3+/12.90)G'()*);<0(+4JLM9././+9M0)tu(t):03+J.,/.*)5J<9(0+3+(M9././)BANOPV_elk6)(§cf��[/+§cf��9)R;,*.(9/<*1-+;+/+5JT*+t\)3T/+*6)/82+L+/<R7(72(+EM6<R_̀abc̀g�j_fbh�lm6)(9.94*;4)90T0./+BANOP�fëhf©b�e)3T/<7(72(+EM6<�de�*)287././+L(*T0.*+tu(t)GU)J)/<JM9/./+9M0)tu(t)9/12*+*/8R/+9.1*)m�fklG[K/<7<0)/(6M94*8J/<9<03+J.,/.0.;(32T62(69/+BANOP/<R:*))228-././<5J+*(6M9/(L0M/+47M0)/+RG'()*)15././<*
u(t)9/<*1-+;+:3J13.(/+melkjèal*)+J(9/.,,9+0.0<;.*GK/<*3.J,3/Q9<3+4E12././+9M0)
u(t − t0):3J+q)*=R+J,�././+melkjèal,9+0.t0GK/<*.6E./(6M94*8J/<9<03+J.,/..3,9<R*))228-././<*/(0M/+4t06)(*)38J././+0./)/+3(901*+9M0)eα(t−t0)u(t − t0)

0.t0 > 0
\G

•
U.(J)0)/(9/.,/.0.;(8q+J)9M0)/)6)(94*;4)90+FR.6E./(6=*]7<0)/(6=*94*)J/M9.Q*GK40qQ*+F*/))3+/.2190)/)3+42)078*./.0./(R94*)J/M9.(R3+43),J*./.:)*43+2+L,9./.0)E<0)/(68/<94*12(-</Q*9<08/Q*ª

•
¦21L-/./<LJ)00(6T/</)/+4949/M0)/+R['()*).q)J0T9./.9/<*.,9+;+1*)LJ)00(6T
94*;4)90T9<08/Q*5J<9(0+3+(.,9/.)3T/<7(72(+EM6<�de�:/)BANOPV_ba6)(«d̀gG\

•
¦21L-/./<5J+*(6M)0./)72</T/</)/+4949/M0)/+R['()*)6)E49/.JM9./.1*)9M0)6)/8
n
5J+*(61R0+*8;.R:03+J.,/.L.*(68*)5J<9(0+3+(M9././+BANOPnhdgmkfhe�lcd¬)3T/+*6)/82+L+§fgègbfbm6)(*);<2=9./.9/+3.;,+ǹal�lcd¬/<*/(0MnG¦-)(/,)R/+4L.L+*T]/+RT/(<6J+49/(6M)3T6J(9<.6qJ8�./)(019Q/+40./)95<0)/(90+F�?CA?Ô:;.*03+J+F0.*)6)E49/.JM9+40./<*6J+49/(6M)3T6J(9</+4949/M0)/+RG\

•
p*15+40.9/<*.,9+;+/+9M0)x(t) = eαtu(t)6)(<6J+49/(6M)3T6J(9<.,*)(<h(t) =
eβtu(t):.-./89/./(R3.J(3/=9.(RT3+4α = β

6)(α 6= βGK40qQ*.,/+E.QJ</(6T0./+3.(J)0)/(6T)3+/12.90)ª
��­® ̄°±²³$́� ̄°&µ±°¶!
·(*)(3J+q)*1RT/(/T9+<7<0)/(6M:T9+6)(<.6E./(6M94*8J/<9<0.α < 0:.,*)(qJ)L01*.R94*)J/M9.(R[qJ)L01*<.,9+;+R]BNXYÎIWYCX@\GK/<*3.J,3/Q9<3+496+3TR0)R.,*)(*)15+40.1*)6)/8̧¦̧¦[qJ)L01*<.,9+;+R]qJ)L01*<1-+;+R\.49/)E1R9F9/<0):03+J+F0.*).3(21-+40./<*6)/822<2<6J+49/(6M)3T6J(9<G'*QJ,�+40.T/(1*)9F9/<0).,*)(6)/8̧¦̧¦.49/)E1R:T/)*
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<6J+49/(6M/+494*8J/<9<.,*)()3T24/)+2+62<J=9(0<G¥/)*<.6E./(6M9/)E.J8/<R94*8J/<9<R
h(t).,*)()J*</(6M:/T/./++2+62MJQ0)

∫

∞

−∞

| h(t) | dt
[sGs\

94L62,*.(6)(<h(t).,*)()3T24/)+2+62<J=9(0<GK/<*3.J,3/Q9<3+4.3(21-+40.E./(6M.6E./(6M9/)E.J8:/T/.3J+q)*=R/++2+62MJQ0);.*94L62,*.(6)(<1-+;+R/+4949/M0)/+RE))3.(J,�./)(Gº()/1/+().3(2+LM:0./)qJ8�./)(9/+3.;,+/+4�?CA?ÔQR.-MR
H(s) =

1

s − a
, α > 0

»9+;F*)0);<2);M:03+J+F0.*).21L-+40./+*3)J+*+0)9/M/<R94*8J/<9<R0./)q+J8R6)(*);+F0.L()3+(.R/(01R/+4s0<;.*,�./)(G[S)9<0.,))4/8+*+08�+*/)(3T2+(/+4949/M0)/+R\Gpq+F<9/)E.J8
α
.,*)(3J)L0)/(6TR)J(E0TR:/T/.<3J)L0)/(6M/(0Ms = α > 0.,*)(+3T2+R/+4949/M0)/+RGp*/,9/+(5):)*<.6E./(6M9/)E.J8/<Rh(t).,*)()J*</(6M:/T/.+3T2+R/+4949/M]0)/+RE).,*)(<)J*</(6M3J)L0)/(6M/(0Ms = α < 0G¼()3(9/=*+40.2+(3T*T/()228�+*/)R/+*3T2+/<R94*8J/<9<R0./)q+J8R:.3<J.8�+40./<*.49/8E.()/+4949/<0)/TRG¥2)/)3)J)38*Q94*8;+4*0./+L.L+*TRT/(L()*).,*)(1*)9F9/<0).49/)E1R6)/8̧¦̧¦3J13.(+(3T2+(/+4*)15+4*)J*</(6T3J)L0)/(6T01J+RG'()*)3.(J)0)/(9/.,/.95./(68/<*.3(JJ+M/<RE19<R/Q*3T]2Q*9/<*.49/8E.()/Q*949/<08/Q*5J<9(0+3+(.,9/./+BANOP½lhfj̈fcl/<R7(72(+EM6<R§fgègbfbm)*/,L()/+BANOPnhdgm�lh��gT3QR9/+.3T0.*+95M0)G

K/+BANOP)4/T03+J+F0.*)+J,9+40./)0<;.*(686)(/+4R3T2+4R/+4949/M0)/+R)*/,L()/)
3+24=*40))J(E0</M6)(3)J+*+0)9/<G'()3)J8;.(L0))*/+3+24=*40+/+43)J+*+0)9/M.,*)(/+

s2 − s + 2 = (s− 2)(s + 1):/+4+3+,+4+(J,�.R.,*)(/)2, − 1:/T/.9/+3.;,+̈fclm;<2=*+40./+;(8*490)[2, − 1]Gº./<*,;()2+L(6M;<2=*+40.6)(/)0<;.*(68]J,�.R/+4)J(E0</MGK/<*3.J,3/Q9<3+4+)J(E0</MR.,*)(0+*8;):/T/.QR;(8*490)0<;.*(6=*;<2=*+40./+6.*T;(8*490)
[]Gp*E12+40.*)15+40./+)J5(6T9F9/<0)0.

H(s) =
1

s + 0.5/T/.+(.3(2+L1RE).,*)()4/1R3+4q),*+*/)(9/+95M0)
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K/+3.;,+«d̀g03+J+F0.*).(98L+40.683+(+94*/.2.9/M.*,9549<R)*E12+40.Gp*9/+3)]J)38*QE19+40./+«d̀g,9+0.k:/T/.<94*8J/<9<0./)q+J8RE)L,*.(

H(s) =
k

s + 0.5

p*9/<94L6.6J(01*<94*8J/<9<:;<2=9+40.9/+;(8*490)/Q*3T2Q*683+()E./(6M/(0M:/T/..0019QR.3(21L+40.E./(6M.6E./(6M9/)E.J89/<*6J+49/(6M)3T6J(9<6)()*)01*+40./+9F9/<0)
*).,*)()9/)E1RGS+3)J)68/QVONĈ.,*)(<1-+;+R/+4949/M0)/+R0.

H(s) =
1

s − 0.5

T/)*9/<*.,9+;+.q)J0T9+40./<7<0)/(6M94*8J/<9<G

•
¦3(7.7)(=9/./)3)J)38*Q)3+/.2190)/)6)(3.(J)0)/(9/.,/.0./<*E19<6)(/<*/(0M/Q*
3T2Q*:;<0(+4JL=*/)R4¿<2T/.J<R/8-<R949/M0)/)G

•
¦-./89/./<*7<0)/(6M)3T6J(9<]1-+;+R949/M0)/+RT/)*9/<*.,9+;+.q)J0T�./)(<7<0)]/(6M94*8J/<9<]9/<*3.J,3/Q9<T3+415./.;F+q)*/)9/(6+FR94�4L.,R3T2+4R6)(6)*1*)0<;.*(6TGS(.,;+4R9M0)3)J)/<J.,/.9/<*1-+;+6)(L()/,ªUQR.3<J.8�.(/+q)*/)9/(6T01J+R/Q*3T2Q*/<*1-+;T/+4949/M0)/+Rªp*.,5)/.9/<*;(8E.9M9)R1*)*(;)*(6T)*)]2+L(6T+2+62<JQ/M[h(t) = u(t)
\:3+(+9M0)E)+;<L+F9)/.9/<*.,9+;T/+4:=9/.*)38J././<*,;()1-+;+ª

•
p*9/+4R3T2+4R3J+9E19./.6)()J*</(6T3J)L0)/(6T01J+R3QR.3<J.8�./)(<1-+;+R/+4
949/M0)/+RªU+()<;()q+J80./<*3J+<L+F0.*<1-+;+ªK.3+()(;(T/</)/+40./)95<0)/(]90+F�?CA?Ô)*/(9/+(5.,<3J+9EM6<)4/Mª

•
UQR.3<J.8�./)(<1-+;+R.*TR949/M0)/+RT/)*)4-8*./)(<3+22)32T/</).*TR3T2+4ª

•
UQR.3<J.8�./)(<1-+;+R.*TR949/M0)/+R:T/)*/+3J)L0)/(6T01J+R/Q*3T2Q*/.,*.(9/+0<;.*ª
��ÀÁ!±# ̄&̄ ̄°Âµ́°ÃǞ³µ$ÅÆÇ°³Æ&Ä°±%&Ä ÈÃ̄ ̄°Âµ́°́
'()*).21L5./.146+2)/(R;()q+J1R/Q*3)J)38*Q3.J(3/=9.Q*+;<LM9/./+,;(+9M0)9.3.J(9]9T/.J)949/M0)/)/)4/T5J+*):T3QRq),*./)(9/+3)J)68/Q95M0)
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·9/QT/(E12+40.*)43+2+L,9+40./<*1-+;+.*TR949/M0)/+R0.94*8J/<9<0.J)q+J8R

H(s) =
1

s2 + 3s + 2

T/)*9/<*.,9+;++;<LM9+40.1*)qJ)L01*+9M0)Gp*3)J)L+*/+3+(M9+40./+*3)J+*+0)9/M:/T/.<94*8J/<9<0./)q+J8RLJ8q./)(

H(s) =
1

(s + 1)(s + 2)

K4*.3=R:L()*);+F0.19/Q/<7<0)/(6M)3T6J(9<)4/+F/+4949/M0)/+R:+J,�+40.6)/)22M2QR/)3.;,)/+4½lhfj̈fclBANOP:+3T/.15+40./+0+*/12+/+4.3T0.*+495M0)/+R

p*0)R�</+F9)**)42+3+(M9+40./+3)J)38*Q9F9/<0)0.949/M0)/)3J=/<R/8-<R:<0)R�<]/+F9)**)43+2+L,9+40./<*6J+49/(6M)3T6J(9</+4949/M0)/+R:/T/.E)3JQ5QJ+F9)0.9/<*L*Q9/M)*8249<9.)32862890)/)GKF0qQ*)0.)4/T:E)15+40./<*,;()1-+;+)*43+2+L,9+40./(R7<0)/(61R)3+6J,9.(R/Q*949/<08/Q*

H1(s) =
1

s + 1
6)(H2(s) =

1

s + 2

[sGt\

6)()3T/<*3J=/<1-+;+)q)(J19+40./<;.F/.J<GK/+.3T0.*+95M0)3)J)/<J+F0./+94*+2(6T9F9/<0)[3)J822<2<9F*;.9<\G
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•
¼<0(+4JLM9/./)3)J)38*Q0+*/12)6)(.21L-/.)*9/<*1-+;+3),J*././+,;(+9M0)

•
p*9)R�</<E.,*)38J././<*,;()1-+;+5J<9(0+3+(=*/)R;F+9.9.(J8949/M0)/)[9F*;.9<
9.9.(J8\:3+()E)M/)*)4/8ª

•
�J<9(0+3+(.,9/.;F+.49/)EM:)*/,9/J+q)0./)-F/+4R:949/M0)/)9.9.(J8GS(3)J)/<J.,/.9/<*1-+;+:T/)*9/<*.,9+;+.q)J0T9./.1*)<0(/+*(6T9M0)ª[L()<0(/+*(6T9M0)5J<9(0+]3+(M9/./+BANOP_̀glËdol)3T/<7(72(+EM6<_fbh�lm\

•
p*/+1*))3+/);F+949/M0)/).,*)()9/)E1R:/(9M0).0q)*,�./)(9/<*1-+;+ªÌJ.(/+.49/)E1R9F9/<0)/<*)9/8E.()/+4822+4ª
Í.QJ+F0.1*)9F9/<0)0.94*8J/<9<0./)q+J8R

H(s) =
s − 1

s2 − 1/++3+,+0.)32+3+,<9<L,*./)(
H(s) =

1

s + 16)(/++3+,+)*)01*./)(*).,*)(.49/)E1R6)/8̧¦̧¦2TLQ)6FJQ9<R6+(*+F3T2+4]0<;.*(6+F[Î̂�N]CNÂO?YÔAA?@WNY\G¼<0(+4JL+F0./<9F*;.9<9.9.(J8/Q*949/<08/Q*
H1(s) =

1

s − 1
6)(H2(s) =

s − 1

s + 1

[sGÏ\
T3QR;.,5*.(/+3)J)68/Q0+*/12+6)(6)/)LJ8q+40./<*1-+;+/+4949/M0)/+R:T/)*9/<*.,9+;+15+40./+9M0)e−0.01tu(t)G¥3QR3)J)/<J.,/.:.,/.<1-+;+R)3.(J,�./)(:.,/./+9F9/<0);.*03+J.,*);=9.()3+/12.90)6)(;,*.(0<;.*(6T9M0)GS<*3J=/<3.J,3/Q9</<*6)/)LJ8q+40.9/<9F*;.9<9.9.(J8[VONĈ\:.*=/<;.F/.J<T/)*15+40./+94*+2(6T0<)32+3+(<01*+9F9/<0)[VONĈs\
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