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α0x(t) = e−αtu(t)

β0x(t) = −e−αtu(t)

γ0x(t) = δ(t) − 4
3e−tu(t) + 1

3e2tu(t)1
δ0x(t) = e−b|t|23456
α0x(t) = e−αtu(t)789:;<=>=;?@ABCA=@=8;:<DA=EB<FG>HIE8=EJKLM=E<I

L{x(t)} =

∫ ∞

−∞
e−αtu(t)e−stdt

=

∫ ∞

0
e−(s+a)tdt

=
1

s + aNB;O;B@B:EONHG@I;A==H=NHP8Q<B1RB>8L>I;@B;:MSI;
<e{s} > −αT>I8;=MP:SONH;:9CO;Bα > 0FBG@IAB;:A=I>D<I@=:MP<B

U



V8=FB@?C1=<=@D>HIE8=C<IAB:M9<BA;:<DCKWXYWZ[IG@B;=G\;=C1BF=S:A9@x(t)I<FB@G]IAB;9u(t)^
β0x(t) = −e−αtu(−t)_<=GQCIFB8<D]=E<IA=@=8;:<DA=EB<FG>HIE8=EJKNB;LM=E<I

L{x(t)} = X(s) = −

∫ ∞

−∞
e−αtu(−t)e−stdt

= −

∫ 0

−∞
e−(s+a)tdt

=
1

s + aNB;O;B@B:EONHG@I;A==H=NHP8Q<B1RB>8L>I;@B;:MSI;
<e{s} < −αT>I8;=MP:SONH;:9CO;Bα > 0FBG@IAB;:A=I>D<I@=:MP<B̂

VB8BA98=S<IH=;>D@DA;1I@?=;:E@B8AP:I;Cα)NB;β)
LM=E@A=@G\;=JK19>I8;=MP:S̀ONH;:PCA=ECIG@B;\;BF=8IA;NP̂a@E>=H=OG:=E<IA=@<=@=>HIE8=<IAB:M9<BA;:<DKWXYWZ[1ADAIIbB;AGBCA9Cu(−t)

RBIG@B;G:=C<I<9\I@̂
γ0x(t) = δ(t) − 4

3e−tu(t) + 1
3e2tu(t)cS<FQ@B<IA=I8?A9<Bα)1=;JKAQ@INRIA;N?@D8Q@RB\G@=@AB;B>DA;C:ML:I;C
L{e−tu(t)} =

1

s + 1
, <e{s} > −1NB;

L{e2tu(t)} =
1

s − 2
, <e{s} > 2I@?O;BA9@N8=E:A;NP:E@d8A9:9LM=E<I

L{δ(t)} =

∫ ∞

−∞
δ(t)e−stdt = 1, <e{s} > −∞

e



f>=<L@QC1=JKA9C:E@d8A9:9Cx(t)
RBIG@B;

X(s) = 1 −
4

3

1

s + 1
+

1

3

1

s − 2
, <e{s} > 2\9HB\P

X(s) =
(s − 1)2

(s + 1)(s − 2)
, <e{s} > 2D>=E9>I8;=MP:SONH;:9CIG@B;9A=<PAQ@>I8;=M?@1?:AI@B:EONHG@=E@DHBAB=H=NH98?̀<BAB1\9HB\P

cA=>B8B>d@Q:MP<BFBG@=@AB;=;>DH=;NB;AB<9\I@;NdA9C:E@d8A9:9Ĉf>I;\P=<=̀@D>HIE8=CN;=B<FG>HIE8=C<IAB:M9<BA;:<DCAQ@I>;<L8=EC:E@B8AP:IQ@:E<>G>A=E@1=<=@D>HIE8=C<IAB:M9<BA;:<DCA9Cx(t)
RBIG@B;=G\;=C<IA=@B<FG>HIE8=̂

δ0x(t) = e−b|t|T:E@d8A9:9x(t)19=>=GBFBG@IAB;:A=>B8BNdAQ:MP<B1>BG8@I;A;<LC<9<9\I@;NLCO;B=>=;B\P>=AIA;<PA=Etf̂>=<L@QC<>=8=S<I@BA9O8dg=E<IQCdR8=;:<B\S=:E@B8AP:IQ@>=E9<GB>BG8@I;<9<9\I@;NLCA;<LCO;Bt < 0NB;9dHH9O;Bt > 01\9HB\P:A9@>8=NI;<L@9>I8G>AQ:9LM=E<I
x(t) = e−btu(t) + ebtu(−t)

b<0 b>0 

e−b|t| e−b|t|

t t 

1

1

cS<FQ@B<IA=α)
RBLM=E<I

L{e−btu(t)} =
1

s + b
, <e{s} > −b

h



I@?:S<FQ@B<IA=β)

L{ebtu(−t)} =
−1

s − b
, <e{s} < bV8=FB@?C1B@b ≤ 01=JK\I@E>d8MI;1BF=S\I@E>d8MI;>I8;=MPO;BA9@=>=GB@B:EONHG̀@=E@NB;AB\S==H=NH98?<BAB̂i8B1B@b > 01ADAI=JKA9C:E@d8A9:9CIG@B;

L{e−b|t|} =
1

s + b
−

1

s − b
=

−2b

s2 − b2
, − b < <e{s} < bNB;9>I8;=MP:SONH;:9C<B]G<IA=EC>DH=ECA9C:E@d8A9:9C1FBG@=@AB;:A=I>D<I@=:MP<B

a@RLH=E<I@BE>=H=OG:=E<IA=<=@D>HIE8=<IAB:M9<BA;:<DKWXYWZ[1ADAIRB>d8=E<IA=B>=AL̀HI:<BA=Eα)^��jk����-��l������
α0L{cos(ω0t)} =

s

s2 + ω2
0

β0L{sin(ω0t)} =
ω0

s2 + ω2
0

γ0L{e−αt cos(ω0t)} =
s + α

(s + α)2 + ω2
0

δ0L{t cos(ω0t)} =
s2 − ω2

0

(s2 + ω2
0)

223456
α0L{cos(ω0t)} =

s

s2 + ω2
0a>DA=]ISO=C<IAB:M9<BA;:<=S

L{ect} =
1

s − c
, <e{s} > <e{c}>8DNS>AI;DA;

L{ejω0t} =
1

s − jω0

L{e−jω0t} =
1

s + jω0
, <e{s} > 0

m



NB;M89:;<=>=;?@ABCA9:ML:9
cos(ω0t) =

ejω0t + e−jω0t

2>BG8@=E<I
L{cos(ω0t)} =

1

2

1

s − jω0
+

1

2

1

s + jω0

=
s

s2 + ω2
0

, <e{s} > 0

β0L{sin(ω0t)} =
ω0

s2 + ω2
0_<=GQC1M89:;<=>=;?@ABCA=@AS>=

sin(ω0t) =
ejω0t − e−jω0t

2j>BG8@=E<I
L{sin(ω0t)} =

1

2j

1

s − jω0
−

1

2j

1

s + jω0

=
ω0

s2 + ω2
0

, <e{s} > 0

γ0L{e−αt cos(ω0t)} =
s + α

(s + α)2 + ω2
0cS<FQ@B<IA=α)NB;Nd@=@ABCM8P:9A9C;\;DA9ABCA9C<IABAD>;:9C:A9:EM@DA9AB1>BG8̀@=E<IDA;

L{e−αt cos(ω0t)} =
s + α

(s + α)2 + ω2
0

δ0L{t cos(ω0t)} =
s2 − ω2

0

(s2 + ω2
0)

2789:;<=>=;?@ABCA9@;\;DA9ABA9C>B8BO?O;:9C:A9:EM@DA9ABNB;A=]ISO=CA=Eα)<>=8=S<I@B>=S<IDA;
L{t cos(ω0t)} = −

d

ds

(

s

s2 + ω2
0

)

= −
s2 + ω2

0 − 2s2

(s2 + ω2
0)

2

=
s2 − ω2

0

(s2 + ω2
0)

2
, <e{s} > 0

��nk�+�������������������������/ !"#!$%�&'�+'�(�,��&'
α0x(t) = u(t) − u(t − 1)

β0x(t) =
∞

∑

k=0

αkδ(t − kT )

γ0x(t) = tnu(t)1 o



δ0x(t) = cos(ω0t + φ)u(t)23456
α0x(t) = u(t) − u(t − 1)p>=H=OG]=E<IA=<=@D>HIE8=<IAB:M9<BA;:<DKWXYWZ[q==>=G=C:E<>G>AI;<IA=@B<FG̀>HIE8=1D>QCNB;:A;CE>DH=;>IC:E@B8AP:I;C0NB;LM=E<IO;BA=@NdRID8=DA;

L{u(t)} =
1

s
, <e{s} > 0NB;B>DA9@;\;DA9ABA9C<IABAD>;:9C:A=M8D@=1>BG8@=E<I

L{u(t − 1)} =
e−s

s
, <e{s} > 0f>=<L@QC1IFB8<D]=@ABCA9@B8MPA9CE>L8RI:9C1LM=E<I

L{u(t) − u(t − 1)} =
1 − e−s

s
, <e{s} > −∞VB8BA98=S<IrLrB;BDA;1BF=S9:E@d8A9:9IG@B;>I>I8B:<L@9C\;d8NI;BC19>I8;=MP:S̀ONH;:9CIG@B;DH=A=I>G>I\=A=EsqB@NB;=;I>;<L8=EC:E@B8AP:I;C\I@LM=E@JKO;B=>=;B\P>=AIA;<PA=Es0̂

β0x(t) =
∞

∑

k=0

αkδ(t − kT ), (T > 0)_<=@D>HIE8=CJKA9C:E@d8A9:9CIG@B;
L{x(t)} = L{

∞
∑

k=0

αkδ(t − kT )}

=
∞

∑

k=0

αkL{δ(t − kT )}

=
∞

∑

k=0

αke−skT

=
∞

∑

k=0

(αe−sT )k

V8=FB@?C1BF=ST > 019:I;8d:EONHG@I;DAB@
| αe−sT |< 1 ⇔ e−σT <

1

| α |
⇔ σ >

lnα

Tf>=<L@QC1
X(s) =

1

1 − αe−sT
, <e{s} >

lnα

T

γ0x(t) = tnu(t)t@Q8G]=E<IDA;
L{u(t)} =

1

s
, <e{s} > 0u



f>G:9C1M89:;<=>=;?@ABCA9@;\;DA9ABA9C>B8BO?O;:9C:A9:EM@DA9AB1LM=E<IDA;
L{tnu(t)} = (−1)n dn(s−1)

dsnN;I>I;\P
dn(s−1)

dsn
= (−1)(−2) . . . (−n)s−n−1 =

(−1)nn!

sn+1RBLM=E<IAIH;Nd
L{tnu(t)} =

(−1)2nn!

sn+1
=

n!

sn+1
, <e{s} > 0

δ0x(t) = cos(ω0t + φ)u(t)789:;<=>=;?@ABCA9A8;OQ@=<IA8;NPABEADA9AB
cos(ω0t + φ) = cos(ω0t) cos(φ) − sin(ω0t) sin(φ)NB;A9@B8MPA9CE>L8RI:9C1RBLM=E<IDA;

L{x(t)} = cos(φ)L{cos(ω0t)u(t)} − sin(φ)L{sin(ω0t)u(t)}

= cos(φ)
s

s2 + ω2
0

− sin(φ)
ω0

s2 + ω2
0

=
s cos(φ) − ω0 sin(φ)

s2 + ω2
0

, <e{s} > 0

��vk�+������������'����(�w�/x �&'�+'�(�,��&'
α0X(s) =

1

s2 + 9
, <e{s} > 0

β0X(s) =
s + 1

s2 + 5s + 6
, <e{s} > −2

γ0X(s) =
s2 − s + 1

s2(s − 1)
, <e{s} > 11

δ0X(s) =
s2 − s + 1

(s + 1)2
, <e{s} > −1

23456
α0X(s) =

1

s2 + 9
, <e{s} > 0a>DA=@>G@BNBAQ@:A=;MI;Q\?@:E@B8AP:IQ@1LM=E<IDA;

L{sin(3t)u(t)} =
3

s2 + 9
, <e{s} > 0

=>DAI9]9A=S<I@9:E@d8A9:9RBIG@B;9
x(t) =

1

3
sin(3t)u(t)

y



β0X(s) =
s + 1

s2 + 5s + 6
, <e{s} > −2a@BHS=@ABCA989AP:E@d8A9:9:IB>HdNHd:<BAB>BG8@=E<I

X(s) =
s + 1

s2 + 5s + 6
=

s + 1

(s + 2)(s + 3)
=

A

s + 2
+

B

s + 3D>=E
A = (s + 2)X(s)

∣

∣

s=−2
= −1

B = (s + 3)X(s)
∣

∣

s=−3
= 2f>=<L@QC1BF=S<e{s} > −2

x(t) = L−1{−
1

s + 2
+

2

s + 3
} = (−e−2t + e−3t)u(t)

γ0X(s) =
s2 − s + 1

s2(s − 1)
, <e{s} > 11cA9@>I8G>AQ:9BEAPLM=E<I:A=@>B8=@=<B:AP<;B\;>HP8G]B1=>DAI9\;d:>B:9:IB>HdNHd:<BABOG@IAB;QCIbPC

X(s) =
A

s − 1
+

B

s
+

C

s2D>=E
A = (s − 1)X(s)

∣

∣

s=1
= 1

C = s2X(s)
∣

∣

s=0
= −1

B =
d

ds

[

s2X(s)
]

s=0
= 0cE@I>?C1=JKO8dFIAB;:A9<=8FP

X(s) =
1

s − 1
−

1

s2NB;BF=S<e{s} > 1

x(t) = (et − t)u(t)

δ0X(s) =
s2 − s + 1

(s + 1)2
, <e{s} > −1z9:E@d8A9:9BEAP<>=8=S<I@BA9O8dg=E<I

X(s) =
(s + 1)2 − 3s

(s + 1)2=>DAIB>H=>=;IGAB;:A9<=8FP
X(s) = 1 −

3s

(s + 1)2t;BA=@\ISAI8=D8=A=E\Ib;=S<L8=ECA9C>B8B>d@QIbG:Q:9C1<>=8=S<IIGAI@BNd@=E<I\;d:>B:9:IB>HdNHd:<BABIGAI@BM89:;<=>=;P:=E<I;\;DA9AICA=EJK̂cEONIN8;<L@BbIN;@?@ABCB>DA=]ISO=C
L{tu(t)} =

1

s2
, <e{s} > 0{



NB;M89:;<=>=;?@ABCA9@;\;DA9ABA9C<IABAD>;:9C:A9:EM@DA9AB1>BG8@=E<IDA;
L{e−ttu(t)} =

1

(s + 1)2
, <e{s} > −1f>G:9C1B>DA9@;\;DA9ABA9C>B8BO?O;:9C:A=M8D@=LM=E<I

L

{

d

dt

[

e−ttu(t)
]

}

= L

{

e−tu(t) − te−tu(t)

}

=
s

(s + 1)2
, <e{s} > −1f>=<L@QC19]9A=S<I@9:E@d8A9:9RBIG@B;9

x(t) = δ(t) − 3e−tu(t) + 3te−tu(t)

= δ(t) + 3(t − 1)e−tu(t)��|}�&(�����~'�����.��������������w�(����������,������-�+x(t) = e−tu(t))���������~���)(�+���),���)(���h(t) = e−2tu(t)

α0p>=H=OG:AIA=EC<IAB:M9<BA;:<=SCKWXYWZ[AQ@x(t), h(t)

β0789:;<=>=;?@ABCA9@;\;DA9ABA9C:E@LH;b9Cr8IGAIA=JKY (s)A9CIbD\=Ey(t)

γ0a>DA=JKY (s)NBR=8G:AIA9@Lb=\=y(t)

δ0p>=H=OG:AIA9@Lb=\=y(t)M89:;<=>=;?@ABCA=@AS>=A9C:E@LH;b9C23456
α0789:;<=>=;?@ABCA=]ISO=C<IAB:M9<BA;:<=S

L{ect} =
1

s − c
, <e{s} > <e{c}LM=E<IDA;

X(s) =
1

s + 1
, <e{s} > −1NB;

H(s) =
1

s + 2
, <e{s} > −2

β0aF=SLM=E<IO8B<<;NDM8=@;NdB<IAdrH9A=:S:A9<BRB;:MSI;=AS>=CA9C:E@LH;b9C1=>DAI:A=>I\G=A9C<;OB\;NPC:EM@DA9ABCRBLM=E<I
Y (s) = H(s)X(s) =

1

s2 + 3s + 2
, <e{s} > −1

γ0a@BHS=E<IA=@Y (s):IB>HdNHd:<BAB1=>DAIB8M;Nd1A=O8dF=E<I:A9<=8FP
Y (s) =

A

s + 1
+

B

s + 2D>=E
A = (s + 1)Y (s)

∣

∣

s=−1
= 1

B = (s + 2)Y (s)
∣

∣

s=−2
= −1�a8B1=JKO8dFIAB;QC

Y (s) =
1

s + 1
−

1

s + 2NB;I>=<L@QC
y(t) = e−tu(t) − e−2tu(t) = (e−t − e−2t)u(t)

�



δ0a@M89:;<=>=;P:=E<IA=@AS>=A9C:E@LH;b9C1ADAILM=E<I
y(t) = x(t) ∗ h(t)

=

∫ ∞

−∞
x(τ)h(t − τ)dτ

=

∫ ∞

−∞
e−τu(τ)e−2(t−τ)u(t − τ)dτ

= e−2t

∫ t

0
e−τe2τdτ

= e−2t

∫ t

0
eτdτ

= e−2t
[

eτ
]t

0

= (e−t − e−2t)u(t)A==>=G=:E<FQ@IG<IA=B>=ALHI:<BA=Eγ)

�����'������������.�������)(�+���),���)(���h(t)
~�����/�)���+��/�-������/

α0�AB@9IG:=\=C:A=:S:A9<BIG@B;9x(t) = e2t19Lb=\=CIG@B;9y(t) = (1/6)e2t^
β0TN8=E:A;NPB>DN8;:9h(t);NB@=>=;IGA9\;BF=8;NPIbG:Q:9

dh(t)

dt
+ 2h(t) = e−4tu(t) + bu(t)D>=Eb<;BdO@Q:A9:ABRI8d̂�8IGAIA9:E@d8A9:9<IABF=8dCH(s)23456fFB8<D]=@ABC<=@D>HIE8=JK:INdRI<LH=CA9C\;BF=8;NPCIbG:Q:9C1LM=E<I

sH(s) − h(0−) + 2H(s) =
1

s + 4
+

b

sN;I>I;\PA=:S:A9<BIG@B;B;A;BADNB;>8=FB@?Ch(0−) = 019>B8B>d@QIbG:Q:9OG@IAB;
H(s) =

(b + 1)s + 4b

s(s + 2)(s + 4)z9@AIHIEABGBIbG:Q:9A9O8dF=E<I:B@dR8=;:<BB>H?@NHB:<dAQ@=>DAI
H(s) =

A

s
+

B

s + 2
+

C

s + 4D>=E
A = sH(s)

∣

∣

s=0
=

b

2

B = (s + 2)H(s)
∣

∣

s=2
= −

b

2
+

1

2

C = (s + 4)H(s)
∣

∣

s=4
= −

1

2cE@I>?C
H(s) =

b

2s
+

1
2 − b

2

s + 2
−

1
2

s + 4U�



NB;9:E@d8A9:9:A=M8D@=RB\G@IAB;B>DA9:ML:9
h(t) =

b

2
u(t) + [

1 − b

2
e−2t −

1

2
e−4t]u(t)

= [
b

2
+

1 − b

2
e−2t −

1

2
e−4t]u(t)a@E>=H=OG:=E<IA9@Lb=\=A=E:E:AP<BA=C1DAB@:A9@I;:D\=A=EIFB8<D]IAB;A=:P<Bx(t) = e2t1>BG8@=E<IDA;

y(t) = x(t) ∗ h(t)

=

∫ ∞

−∞
x(t − τ)h(τ)dτ

=

∫ ∞

−∞
e2(t−τ)[

b

2
+

1 − b

2
e−2τ −

1

2
e−4τ ]u(τ)dτ

= e2t
[

−
b

4
e−2τ +

b − 1

2
e−4τ +

1

12
e−6τ

]∞
0

= e2t
[ b

4
+

1 − b

8
−

1

12

]

, −∞ < t < ∞

N;IFD:=@9Lb=\=CIG@B;9y(t) = (1/6)e2t1ADAI
b

4
+

1 − b

8
−

1

12
=

1

6\9HB\Pb = 1
�̂a8B9:E@d8A9:9<IABF=8dCRBIG@B;9

H(s) =
2

s(s + 4)
, <e{s} > 0

����'������������.�����S~���)(�+���),���)(���h(t))�����~������-�+��l�-�+��(��(*w���������'-��w�(�),�l��&��
d3y(t)

dt3
+ (1 + α)

d2y(t)

dt2
+ α(1 + α)

dy(t)

dt
+ α2y(t) = x(t).

α)
a@

g(t) =
dh(t)

dt
− h(t),>D:=EC>DH=ECLMI;9:E@d8A9:9<IABF=8BCG(s)�

β)
t;B>=;IC>8BO<BA;NLCA;<LCA9C>8BO<BA;NPC>B8B<LA8=EαA=:S:A9<BSIG@B;IE:ABRLC�23456

α)
fFB8<D]=@ABC<IAB:M9<BA;:<DKWXYWZ[NB;:AB\S=<LH9A9C\;BF=8;NPCIbG:Q:9CNB;E>=RL̀A=@ABCDA;B8M;NdA=:S:A9<B98I<IG1LM=E<IDA;

s3Y (s) + (1 + α)s2Y (s) + α(1 + α)sY (s) + α2Y (s) = X(s).\9HB\P
H(s) =

Y (s)

X(s)
=

1

s3 + (1 + α)s2 + α(1 + α)s + α2UU



f>I;\P
g(t) =

dh(t)

dt
− h(t),ADAI=JKA9Cg(t)

HDOQB;A;BADA9ABCRB\G@IAB;B>DA9:ML:9
G(s) = sH(s) − H(s) =

s − 1

s3 + (1 + α)s2 + α(1 + α)s + α2_>B8=@=<B:APCA9C:E@d8A9:9C<IABF=8dC>B8BO=@A=>=;IGAB;NB;AIH;N?C>BG8@I;A9<=8FP
G(s) =

s − 1

(s + 1)(s2 + αs + α2)
.cE@I>?C19:E@d8A9:9G(s)

LMI;A8IGC>DH=EC1L@B@>8BO<BA;NDqA=@̀U0NB;\S=:E]EOIGC<;OB\;N=SC1AQ@=>=GQ@=;A;<LCIbB8A?@AB;B>DA9@>B8d<IA8=α^
β)
tI@;Nd1O;B@BIG@B;A=:S:A9<BSIE:ABRLC1RB>8L>I;=;>DH=;A9C:E@d8A9:9C<IABF=8dC
H(s)@BLM=E@B8@9A;ND>8BO<BA;ND<L8=Ĉ_>DH=C:A=̀U1>8=FB@?C\I@\9<;=E8OIG>8D̀rH9<B̂aF=SA=αIG@B;>8BO<BA;ND1ADAI9\IEAI8=rdR<;BIbG:Q:9s2 + αs + α2 = 0

LMI;\;BN8G@=E:BB8@9A;NP̂f>=<L@QC19AIA8BOQ@;NPA9C8G]BRBIG@B;>=HHB>Hd:;=A=EjNB;=;8G]ICA9CIbG:Q:9CRBIG@B;<;OB\;NLĈz=>8BO<BA;ND<L8=CD<QCAQ@8;]?@1RBIG@B;−α/2=>DAIO;B@BIG@B;A=:S:A9<BSIE:ABRLC1RB>8L>I;@B;:MSI;α > 0
ẑ;OG@IAB;B@A=αIG@B;<;OB\;NDCB8;R<DC�

�����'�����-��w�(�),�l��&��
2y′′(t) + 4y′(t) + 4y(t) = 4δ(t) + 2u(t) − 3u(t − 1)NB;=;B8M;NLC:E@RPNICy(0−) = y′(0−) = 0

α)
�8IGAIA;CA;<LCy(0+), y′(0+)

β)
�8IGAIA9@y(t)23456

α)
fFB8<D]=E<IJK:A9@\;BF=8;NPIbG:Q:9=>DAI

2[s2Y (s) − sy(0−) − y′(0−)] + 4[sY (s) − y(0−)] + 4Y (s) = 4 + 2
1

s
− 3

1

s
e−sP

2s2Y (s) + 4sY (s) + 4Y (s) = 4 +
2

s
−

3e−s

sP
Y (s) =

4s + 2 − 3e−s

2s3 + 4s2 + 4sa>DA=RI?89<BB8M;NPCA;<PCLM=E<I
y(0+) = lim

s→∞
sY (s) = lim

s→∞
4s + 2 − 3e−s

2s3 + 4s2 + 4s

= lim
s→∞

4s + 2

2s3 + 4s2 + 4s
− lim

s→∞
3e−s

2s3 + 4s2 + 4s

= 0 +
0

∞
= 0Ue



NB;
y′(0+) = lim

s→∞
s[sY (s) − y(0−)] = lim

s→∞
s2Y (s)

= lim
s→∞

4s + 2 − 3e−s

2s + 4 + 4s−1

= lim
s→∞

4s + 2

2s + 4 + 4s−1
− lim

s→∞
3e−s

2s + 4 + 4s−1

=
4

2
−

0

∞
= 2

β)
t;B@BE>=H=OG:=E<IA9@y(t)M89:;<=>=;=S<IA=JKY (s)NB;BN=H=ER=S<IA9O@Q:AP\;B̀\;NB:GB

Y (s) =
4s + 2 − 3e−s

2s3 + 4s2 + 4s

=
2s

s(s2 + 2s + 2)
+

1

s(s2 + 2s + 2)
−

3

2

e−s

s2 + 2s + 2

=
2

(s + 1)2 + 1
+

1

s[(s + 1)2 + 1]
−

3

2

e−s

s2 + 2s + 2�d@=@ABCM8P:9A=E]ISO=EC
L{e−t sin(t)} =

1

(s + 1)2 + 1RBLM=E<I
L−1{

2

(s + 1)2 + 1
} = 2e−t sin(t)NB;:S<FQ@B<IA9@;\;DA9ABA9C<IABAD>;:9C:A=M8D@=

L−1{
3

2

e−s

(s + 1)2 + 1
} =

3

2
2e−(t−1) sin(t − 1)u(t − 1)

z=\ISAI8=D8=A=O8dF=E<I:A9<=8FP
1

s(s2 + 2s + 2)
=

As + B

(s + 1)2 + 1
+

C

sNB;Nd@=@ABCA;C>8dbI;Cr8G:N=E<IA = −1/2, B = −1, C = 1/2
�̂9HB\P

1

s(s2 + 2s + 2)
= −

1

2

s

(s + 1)2 + 1
−

1

(s + 1)2 + 1
+

1

2sP
1

s(s2 + 2s + 2)
= −

1

2

s + 1

(s + 1)2 + 1
−

1

2

1

(s + 1)2 + 1
+

1

2s=>DAI
L−1{

1

s[(s + 1)2 + 1]
} = −

1

2
e−t cos(t) −

1

2
e−t sin(t) +

1

2
.i8B

y(t) = e−t[
3

2
sin(t) −

1

2
cos(t) +

3

2
e sin(t − 1)u(t − 1)] +

1

2Uh



�����'��������(�)*�&).)�&�����(��)~/�+'���)�/vC(0−))��iL(0−)

α)
p>=H=OG:AIA=<=@D>HIE8=<IAB:M9<BA;:<DKWXYWZ[V (s)A9Cv(t)

β)�IQ8?@ABCQCLb=\=A9@Ad:9v(t)NB;QCIG:=\=A9@Ad:9A9COI@@PA8;BCvs(t)1r8IGAIA9:E@d8A9:9<IABF=8dCA=ENENH?<BA=CH(s)23456
α)
�f:AQi1(t), i2(t)
AB8IS<BAB>=E\;B8L=E@A=@B8;:AI8DNB;\Ib;Dr8DM=B@AG:A=;MB̂fFB8̀<D]=E<IA=ENB@D@IC���Z�����q9<;OB\;NPB@AG:AB:9A=E>9@G=EIG@B;LsNB;A=E>EN@QAP

1
Cs
0:A=NSNHQ<BO;BA=EC\S=r8DM=ECNB;>BG8@=E<I

1��r8DM=C�
Vs(s) −

1

Cs
I1(s) −

1

s
vC(0−) − R1[I1(s) − I2(s)] = 0P

I2(s) = −
1

R1
Vs(s) +

1

R1s
vC(0−) + (1 +

1

R1Cs
)I1(s)

2��r8DM=C�
R1[I1(s) − I2(s)] + LiL(0−) − (R2 + Ls)I2(s) = 0P

I1(s) = −
1

R1
(R1 + R2 + Ls)I2(s) −

1

R1
iL(0−)cE@\Ed]=@ABCA;C>B8B>d@Q:ML:I;CNB;HS@=@ABCQC>8=CI2(s)
qBF=S]9A=S<IA=V (s) =

R2I2(s)01>BG8@=E<I
I2(s) =

R1CsVs(s)

LR1Cs2 + (R1R2C + L)s + R1 + R2
+

L(1 + R1Cs)iL(0−) − R1CvC(0−)

LR1Cs2 + (R1R2C + L)s + R1 + R2NB;AIH;Nd
V (s) =

R1R2CsVs(s)

LR1Cs2 + (R1R2C + L)s + R1 + R2
+

LR2(1 + R1Cs)iL(0−) − R1R2CvC(0−)

LR1Cs2 + (R1R2C + L)s + R1 + R2tI@;NDAI8B19B>DN8;:9I@DC:E:AP<BA=CIG@B;:E@d8A9:9A9CI;:D\=EA=E:E:AP<BA=CNB;A9CB8M;NPCA=ENBAd:AB:9ĈcA9@>I8G>AQ:9D>=EB8M;NdA=:S:A9<B98I<IGq<9\I@;NLCB8M;NLC:E@RPNIC01LM=E<I<D@=A9@I>;\8B:9A9CI;:D\=EqI\?A9@>8?A989AP:E@d8A9:90NB;9B>DN8;:9:IBEAP@A9@>I8G>AQ:9B@BFL8IAB;QCB>DN8;:9<9\I@;NPCNBAd:AB:9C
Um



q� ¡¢£¤¥¦¥ ¡ ¤§¢̈¤ 0̂cA9@>I8G>AQ:9>=E:A=:S:A9<BI>;\8=S@<D@==;B8M;NLC:E@RPNICNB;LM=E<I<9\I@;NPIG:=\=1ADAI:A=@>B8B>d@QAS>=1RBE>d8MI;<D@=9\IEAI8989AP:E@d8A9:9NB;9B>DN8;:9:A9@>I8G>AQ:9BEAP=@=<d]IAB;B>DN8;:9<9\I@;NPCI;:D\=Eq� ¡¢£©̈§ª¥¡ ¤§¢̈¤ 0̂
β)
t;B@BE>=H=OG:=E<IA9:E@d8A9:9<IABF=8dCA=ENENH?<BA=C1RIQ8=S<I<9\I@;NLCB8M;NLC:E@RPNIC1=>DAI:A9:EONIN8;<L@9>I8G>AQ:9RBLM=E<I

H(s) =
V (s)

Vs(s)
=

R1R2Cs

LR1Cs2 + (R1R2C + L)s + R1 + R2���«��'������).)�&����+��(�)*�&��,����/
R1 R2 

C1 C2 vi(t) v0(t) 

α)¬Br8IRIG9:E@d8A9:9<IABF=8dCA=ENENH?<BA=C<IABbSA9C>9OPCvi(t)
qIG:=\=C0NB;A9CAd:9Cv0(t)

qLb=\=C0
β)
t8dgAIN;I>;HS:AIA9\;BF=8;NPIbG:Q:9>=E>I8;O8dFI;A9:E<>I8;F=8dA9CAd:9Cv0(t)1DAB@R1 = R2 = C1 = C2 = 1, vi(t) = u(t)NB;9B8M;NPAd:9:ABdN8BA=E>8?A=E>EN@QAPIG@B;1I@?A=E\IEAL8=EIG@B;0, (vC1

(0−) = 1, vC2
(0−) = 0)^23456

α)
�>QCNB;:A9@>8=9O=S<I@9d:N9:91B@A;NBR;:A=S<IAB:A=;MIGB<IA;C<;OB\;NLCA=ECB@A;̀:Ad:I;CNB;IFB8<D]=E<INB@D@IC���Z�����:A=EC\S=r8DM=EĈcE@I>?CO;BA=@>8?A=r8DM=LM=E<I

−Vi(s) + R1I1(s) +
1

sC1
(I1(s) − I2(s)) = 0I@?O;BA=\ISAI8=

1

sC1
(I1(s) − I2(s)) + (R2 +

1

sC2
)I2(s) = 0S@=@ABCQC>8=CI2(s)

B>DA=:S:A9<BAQ@\S=Ib;:?:IQ@<I\S=BO@?:A=ECNBABHPO=E<I
I2(s) =

Vi(s)sC2

1 + sC1R1 + sC2R1 + sC2R2 + s2C1C2R1R2aF=SV0(s) = I2(s)/sC219:E@d8A9:9<IABF=8dCRB\G@IAB;B>DA9:ML:9
H(s) =

V0(s)

Vi(s)
=

1

1 + sC1R1 + sC2R1 + sC2R2 + s2C1C2R1R2Uo



β)
a@A;NBR;:A?@ABC:A9:ML:9>=E<BC\G@I;A9:E@d8A9:9<IABF=8dCA;CA;<LC>=E<BC\G@=@AB;1>BG8@=E<I

s2V0(s) + 3sV0(s) + V0(s) = Vi(s)tE8G]=@ABC:A=>I\G=A=EM8D@=E19>B8B>d@Q:ML:9OG@IAB;
d2v0(t)

dt2
+ 3

dv0(t)

dt
+ v0(t) = u(t)

9=>=GBB>=AIHIGA9\;BF=8;NPIbG:Q:9>=E>I8;O8dFI;A9@Ad:9v0(t)
f̂>;>HL=@1M8I;B̀]D<B:AI\S=B8M;NLC:E@RPNIC1v0(0), dv0(0)

dt
B>DA;C=>=GICO@Q8G]=E<I<D@=A9@A;<PA9C>8?A9Cv0(0) = 0

t̂;B@BE>=H=OG:=E<IA9@>B8dOQO=dv0(0)
dt
1>B8BA98=S<IDA;9:ML:9Ad:9C̀8IS<BA=C:ABdN8BA=E\ISAI8=E>EN@QAPIG@B;i2(t) = C2
dv0(0)

dt
1\9HB\Pdv0(0)

dt
= i2(0)

C2N;I>=<L@QCB8NIG@BE>=H=OG:=E<IA=8IS<Bi2(0)
â>DA=@D<=AQ@Ad:IQ@:A=\ISAI8=r8DM=O;BA9M8D@;P:A;O<Pt = 0:E<>I8BG@=E<IDA;

−v1(0) + R2i2(0) + v0(0) = 0D>=Ev1(t)
9Ad:9:ABdN8BA=E>8?A=E>EN@QAP̂®IAdB>DB@A;NBAd:AB:9AQ@A;<?@LM=E<I

i2(0) = 11=>DAIdv0(0)
dt

= 1t;B@BI>;HS:=E<IA9\;BF=8;NPIbG:Q:91IFB8<D]=E<I<IAB:M9<BA;:<DKWXYWZ[1>=E<BC\G@I;
{

s2V0(s) − sv0(0) −
dv0(0)

dt

}

+ 3
{

sV0(s) − v0(0)
}

+ V0(s) =
1

sa@A;NBR;:A?@ABCA;CB8M;NLC:E@RPNICNB;HS@=@ABCQC>8=CV0(s)
NBABHPO=E<I

V0(s) =
s + 1

s(s2 + 3s + 1)cA9:E@LMI;B1O;B@Br8=S<IA9:E@d8A9:9:A=M8D@=BN=H=ER=S<IA9\;B\;NB:GBA9CB@dHÈ:9C:IB>HdNHd:<BAB̂�BAB8MdC19:E@d8A9:9<>=8IG@BO8BFIG
V0(s) =

1

s2 + 3s + 1
+

1

s(s2 + 3s + 1)a@ρ1, ρ2
=;8G]ICA=EA8;Q@S<=Es2 + 3s + 11=;=>=GICIG@B;>8BO<BA;NLC1ADAIA=>8?A=NHd:<B<>=8IG@BO8BFIG

1

s2 + 3s + 1
=

1
ρ1−ρ2

s − ρ1
+

1
ρ2−ρ1

s − ρ2I@?A=\ISAI8=NHd:<B1<IAdB>DB@dHE:9<>=8IG@BO8BFIGQCIbPC
1

s(s2 + 3s + 1)
=

1
ρ1ρ2

s
+

1
ρ1(ρ1−ρ2)

s − ρ1
+

1
ρ2(ρ2−ρ1)

s − ρ2i8B19:E@d8A9:9v0(t)
RB\G@IAB;B>DA9:ML:9

v0(t) =

(

ρ1 + 1

ρ1(ρ1 − ρ2)
eρ1t +

ρ2 + 1

ρ2(ρ2 − ρ1)
eρ2t +

1

ρ1ρ2

)

u(t)

N;B@B@A;NBAB:AP:=E<IABρ1, ρ2
<IA;CA;<LCA=EC1ρ1 = −3

2 +
√

5
2 , ρ2 = −3

2 −
√

5
2
>BG8@=E<IA=I>;RE<9AD:P<B̂

Uu



����̄��-�*�����'���+����/°±²³%$́µ¶��'��(*�����°"!³!##%#µ)���������(*°$!·$!±%µ+����������+�+��,����/��+��(��(*w���������'�+'*(����
H(s) =

2s2 + 4s − 6

s2 + 3s + 223456tI@;Nd1B@<IABA8Lg=E<IA9:E@d8A9:9<IABF=8dC:I\;BF=8;NPIbG:Q:9<I<9\I@;NLCB8M;NLC:E@RPNIC1<>=8IG@BOG@I;>8=FB@PC9B>IERIGBCEH=>=G9:9M89:;<=>=;?@ABC=H=NH98QALĈt;BA9:EONIN8;<L@9:E@d8A9:919\;BF=8;NPIbG:Q:9IG@B;9
y′′(t) + 3y′(t) + 2y(t) = 2x′′(t) + 4x′(t) − 6x(t)

NB;9B>IERIGBCEH=>=G9:9FBG@IAB;:A=I>D<I@=:MP<B

t;B@BOG@I;>;=NBAB@=9AP9EH=>=G9:91<>=8=S<I@BB@A;<IAQ>G:=E<IA9@H(s)QCO;@D<I@=\S=:E@B8AP:IQ@1A9C1
s2+3s+2
NB;A9C2s2 + 4s− 61=>DAIO;BA9@>8?A91A=:S:A9<B>=EA9@EH=>=;IGIG@B;A=IbPC

w(t) 

V8=FB@?C1O;B@B>d8=E<IA9@y(t)>8L>I;9w(t)@B>I8d:I;B>DL@B:S:A9<B<I:E@d8A9:9
2s2 + 4s − 6
D>QCFBG@IAB;:A=I>D<I@=:MP<B
Uy



aCE>=RL:=E<IDA;LM=E<I<D@=A=@D8=2s2=>DAI1B@AG@B:AIGH=E<IA=w(t)1A==>=G=LMI;>I8d:I;B>=\S==H=NH98QALC( 1
s2 )1:A=2s21<>=8=S<IB>H?C@B>=HHB>HB:;d:=E<I<I2A=:P<B1>8;@NB@I;:L8RI;:A=@>8?A==H=NH98QAP̂aN=H=ER?@ABCBEAPA9H=O;NP1O;B@BB>=FSO=E<IAB>I8;AAd:A9:I;8d]ISO9=H=NH98QA?@̀\;BF=8;:A?@1>BG8@=E<IA=B>=ALHI:<BA9CB>IERIGBCEH=>=G9:9ĈTEH=>=G:9:9:I:I;8d>8=NS>AI;B@INF8d:=E<IA9@H(s)QCO;@D<I@=:E@B8AP:IQ@̂T>B8B>d@QAE>;NP>B8BO=@A=>=G9:91B>=AIHIGNB;BEAP<;B<=8FPEH=>=G:9C:I:I;8d1<D@=>=EM89:;<=>=;L;Eg9HPCAdb9CE>=:E:AP<BAB̂tI@;NDAI8B1]9A=S<IEH=>=G9:I;CM89:;<=>=;?@ABCMB̀<9HPCAdb9CE>=:E:AP<BAB̂�d@=@ABC>B8BO=@=>=G9:9:IB8;R<9APNB;>B8=@=<B:AP19H(s)<>=8IG@BO8BFIGQC

H(s) =

(

2(s − 1)

s + 2

)(

s + 3

s + 1

)

= H1(s)H2(s)=>DAI9L;:=\=C:A=:S:A9<B>I8@dB>D\S=:E:AP<BAB:A9:I;8d<I:E@B8AP:I;CH1(s), H2(s)^f>=<L@QC19:I:I;8dEH=>=G9:9RBIG@B;BEAPA=EI>D<I@=E:MP<BA=C

:̧=\S@B<BRB<>=8=S:B<I@BO8dg=E<IA9@H(s)QC
H(s) =

(

s + 3

s + 2

)(

2(s − 1)

s + 1

)

= H1(s)H2(s)

NB;@B>d8=E<I<;BdHH9:I:I;8dEH=>=G9:9̂t;B@B\9<;=E8OP:=E<I<;B>B8dHH9H9EH=>=G9:91>8L>I;@BO8dg=E<IA9:E@d8A9:9<IAB̀F=8dCQCdR8=;:<BB>H?@:E@B8AP:IQ@qD>QCNBAdA9@B@dHE:9:IB>HdNHd:<BAB0̂cA9:EONÌN8;<L@9>I8G>AQ:919H(s)<>=8IG@BO8BFIGQCdR8=;:<B1<IA=@BNDH=ER=A8D>=
H(s) = 2 +

6

s + 2
−

8

s + 1U{



qA=B>=ALHI:<BBEAD<>=8=S<I@BA=>d8=E<INBAIERIGB@B>DA=>I8;rdHH=@J¹ºK¹»1M89:;<=̀>=;?@ABCA9@I@A=HPresidueNB;:A9@=>=GB\G@=E<I:B@IG:=\=AB\;B@S:<BABAQ@:E@AIHI:A?@AQ@>=HEQ@S<Q@B8;R<9APNB;>B8=@=<B:AP0̂cE@I>?C19IG:=\=CI;:L8MIAB;>B8dHH9HB:Ih:E:AP<BABNB;9E>L8RI:9AQ@IbD\Q@<BC\G@I;A9:E@=H;NPLb=\=̂T>B8dHH9H9EH=>=G9:91M89:;<=>=;?@ABC>8?A9CAdb9C:E:AP<BABFBG@IAB;:A=I>D<I@=:MP<B

VB8BA98=S<IH=;>D@1DA;EH=>=G9:9I@DC:E:AP<BA=C<>=8IG@BOG@I;<I\;dF=8=ECA8D>=EC1I@?A=B>=ALHI:<B>B8B<L@I;A=G\;=̂�HBAB>B8B>d@Q1:E<FQ@=S@<IA=OIO=@DCDA;>=HHd:E:AP<BABLM=E@A9@G\;B:E<>I8;F=8d:IG\;ICI;:D\=ECq\9HB\PG\;BLb=\=01MQ8GCD<QC9I:QAI8;NPA=EC\=<P@BIG@B;9G\;B̂a>DA9:ML:9I;:D\=ÈIbD\=ENB;A9:E@d8A9:9<IABF=8dC1\I@<>=8=S<I@BIN<B;LE:=E<I>H98=F=8GIC:MIA;Nd<IA9@I:QAI8;NP\=<PI@DC:E:AP<BA=ĈzLA=;IC>H98=̀F=8GIC<BC\G@I;9<IHLA9I@DC:E:AP<BA=C:A=M?8=NBAd:AB:9C1Nd@=@ABCM8P:9AQ@<IABrH9A?@NBAd:AB:9Ĉ
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a>DA=@D<=Ad:IQ@A=E���Z�����:A=@B8;:AI8Dr8DM=A=ENENH?<BA=C1LM=E<I
e(t) − ri(t) − Li′(t) − v(t) = 0P
i′(t) = −

1

L
u(t) −

r

L
i(t) +

1

L
e(t)I@?B>DA=@D<=8IE<BAQ@A=E���Z�����>BG8@=E<I

i(t) =
u(t)

R
+ Cu′(t)P

v′(t) = −
1

RC
u(t) −

1

C
i(t)a>DA;C>B8B>d@QIb;:?:I;CNBABHPO=E<I:A9@NBAB:ABA;NPIbG:Q:9A=E:E:AP<BA=C

[

v′(t)
i′(t)

]

=

[

− 1
RC

1
C

− 1
L

− r
R

] [

v(t)
i(t)

]

+

[

0
1
L

]

e(t)P
dx(t)

dt
= Ax + be(t)D>=E

A =

[

− 1
RC

1
C

− 1
L

− r
R

]

b =
[

0 1
L

]tNB;
x =

[

v(t) i(t)
]t
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ẋ(t) =

[

1 8
2 1

]

x(t) +

[

1
0

]

w(t)

y(t) =
[

1 1
]

x(t)a@A9>B8B>d@Q<PA8B1E>=H=OG:AI
α)A9@>B8d:AB:9eAt<IA9r=PRI;BA=E<IAB:M9<BA;:<=SKWXYWZ[NB;
β)A9@N8=E:A;NPB>DN8;:9A=E:E:AP<BA=C23456
α)
a>DA9RIQ8GBLM=E<IDA;eAt = L−1{(sI − A)−1}

V̂B8BA98=S<I
(sI − A)−1 =

[

s − 1 −8
−2 s − 1

]−1

=

[

s−1
(s−5)(s+3)

8
(s−5)(s+3)

2
(s−5)(s+3)

s−1
(s−5)(s+3)

]
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eAt =

[

0.5(e5t + e−3t) e5t − e−3t

0.25(e5t − e−3t) 0.5(e5t + e−3t)

]

u(t)
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β)
TN8=E:A;NPB>DN8;:9QCO@Q:AD@\G@IAB;B>DA9:ML:9h(t) = c

teAt
b1D>=Eb = [1 0]tNB;

c = [1 1]t
f̂NAIH?@ABCA;C>8dbI;C1NBABHPO=E<IDA;

h(t) = (
3

4
e5t +

1

4
e−3t)u(t)
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Vi(t) υ1(t) υ2(t) C1 C2
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i2i1 i2

R1 R2
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fFB8<D]=E<I@D<=Ad:IQ@:A=EC\S=r8DM=EC1=>DAIO;BA=@B8;:AI8Dr8DM=LM=E<I

−Vi + R1(i1 + i2) + v2 = 0I@?O;BA=@\Ib;D
−v1 + R2i2 + v2 = 0t;BA=EC\S=>EN@QALC;:MS=E@=;:ML:I;C
i1 = C1

dv1

dt
= C1v̇1

i2 = C2
dv2

dt
= C2v̇2NB;<IB@A;NBAd:AB:9:A=EC@D<=ECA=E���Z�����1NBABHPO=E<I:A;C:ML:I;C

v̇1 = −
R1 + R2

R1R2C1
v1 +

1

R2C1
v2 +

1

R1C1
Vi

v̇2 =
1

R2C2
v1 −

1
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v2a@\9HB\PA=\;d@E:<BNBAd:AB:9CIG@B;A=

x(t)

[

v1(t)
v2(t)

]
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ẋ(t) =

[

− R1+R2

R1R2C1

1
R2C1

1
R2C2

− 1
R2C2

]

x(t) +

[ 1
R1C1

0

]

Vi(t)

β)
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x(t) = eAt

x(0) +

∫ t

0
eA(t−τ)

bVi(t)dτ = 0D>=EA9<PA8BA9CNBAB:ABA;NPCIbG:Q:9CNB;b = [1 1/(R1C1)]
t1BF=Sx(0) = 0
NB;

Vi(t) = 0
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