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234567839:;<=6>6?@A<BC<=5C967D5E;6?

x(n) = cos(
nπ

8
)

F<G53@67;B76BC<H6539C=IJK8<9<J?;3D67LD5E;6?9<6M6A<@<8M6567J<;;<M<5IN6?;9:;
<=6>6?@A<<?9KE9<;?M6J967;B3CN8<96>:OA<83J?D;E9:9<fs = 10HzP
QR.0
S;<:8C96;63CBTLJK8<J?;3D67LD5E;6?

xα(t) = cos(Ω0t) = cos(2πf0t)

M6??HAJ9<9<CB3CN8<96>:OA<83J?D;E9:9<B3CN8<96>:OA<Lfs
=<9<>KN3CJ9:;<=6>6?@A<BC<=5C967

D5E;6?
x(n) = xα(nTs) = cos(2π

f0

fs
n)

U<5<9:56783E84LVE9CNC<6M6C6BKM693<=T5<C6<5C@8EkV
cos(2π

f0

fs
n) = cos(2π

f0 + kfs

fs
n)

WM68T;4LV6M6C6BKM693:8C96;63CBTLJK8<83J?D;E9:9<

f = f0 + kfs

@<M<5IN3C9:;ABC<<=6>6?@A<E9<;@<?HAJ9<9<CB3CN8<96>:OA<83J?D;E9:9<B3CN8<96>:OA<LfsPX3B3B68T;6E9Cx(n) = cos(nπ/8)V@T>6?83

2π
f0

fs
=

π

8

Y



K
f0 =

1

16
fs = 625Hz

Z?;3M[LVB76JK8<9<M6?8M6567;;<M<5IN6?;9:B3B68T;:<=6>6?@A<3A;<C96
x1(t) = cos(1250πt)

=<C96
x2 = cos(21250πt)

-./0.0\

];65?@8EL̂_̀abcdNC<96xα(t)3A;<CΩsVM6CEL3A;<C65?@8EL̂_̀abcdNC<=I@3T;<<ME9<M<5<=I94JK8<9<M6?M56=7M96?;<ME96xα(t)P
efgdxα(t)

dt

ehg
xα(2t)

eigx2
α(t)

ejg
xα(t)cos(Ω0t)

QR.0

efgk5?@8ELlJ?D;E9:9<m̂_̀abcd3A;<CAJ6L8396BCM>IJC69:L<;[935:LJ?D;E9:9<L96?JK8<96L
xα(t)P];3A;<C

ya(t) =
dxα(t)

dt9E93
Yα(jΩ) = jΩXα(jΩ)

Z?;3M[LV<;3A;<CXα(jΩ) = 0NC<|Ω| > Ω0V96ABC6@<CJD73C=<CNC<9:;Yα(jΩ)Pn5<V:J?D;E9:9<̂_̀abcdB3839<GI>>39<C839:;M<5<N[NCJ:P
ehgo6JK8<yα(t) = xα(2t)JD:8<9Ap39<C<ME96xα(t)83J?8MA3J:96?Iq6;<96?D5E;6?=<9IT;<J?;93>3J9KrP]?9ETD3C4L<M69T>3J8<9:;3MT=9<J:96?Iq6;<94;J?D;69K94;=<9IT;<J?;93>3J9KrPWCBC=E935<M<5<9:56783E9C

Yα(jΩ) =

∫ +∞

−∞

yα(t)e−jΩtdt

=

∫ +∞

−∞

xα(2t)e−jΩtdt =

∫ +∞

−∞

1

2
xα(τ)e−jΩτ/2dt

=
1

2
Xα(

jΩ

2
)

r



Z?;3M[LV<;:J?D;E9:9<̂_̀abcdNC<96xα(t)3A;<CΩsV:J?D;E9:9<̂_̀abcdNC<96yα(t)
@<

3A;<C2ΩsP
eigs9<;B76JK8<9<M6>><M><JCIp6;9<CV6C839<JD:8<9CJ86Atuavbwv94;J:8I94;<?9[;J?;BTx
6;9<C839:M5Iq:9:LJ?;T>Cq:LPWM68T;4LV<;

yα(t) = x2
α(t)

9E93
Yα(jΩ) =

1

2π
Xα(jΩ) ∗ Xα(jΩ)

n5<V:<;[935:J?D;E9:9<96?JK8<96Lyα(t)
@<3A;<C:BCM>IJC<<?9KL96?xα(t)V=<C:J?D;E9:9<̂_̀abcd@<3A;<C2ΩsP

ejgyC<865H[;6;9<LT;<JK8<8396;E56cos(Ω0t)V839<96MAp39<C96HIJ8<96?xα(t)M56L9<MI;4=<C=I94V=<9IΩ0PZ?;3M[LV:J?D;E9:9<̂_̀abcd96?yα(t) = cos(Ω0t)xα(t)
@<3A;<C

Ωs + 2Ω0P

-./0.0z

SJ94hα(t):=56?J9C=K<ME=5CJ:3;EL<C9C<967HA>956?J?;3D67LD5E;6?83J?;I59:J:839<H65IL
Hα(s) =

s + α

(s + α)2 + b2

WM68T;4LV:Hα(s)
TD3CT;<8:B3;C=EJ9:@TJ:s = −α=<CT;<p37N6LME>4;J9CL@TJ3CLs =

−α ± jbPWMCGI>>6;9<LJ3B3CN8<96>:OA<9:;hα(t)JD:8<9Ap39<CT;<HA>956BC<=5C967D5E;6?83=56?J9C=K<ME=5CJ:
h(n) = hα(nTs)

F<G53@3A:<ME=5CJ:J?D;E9:9<LH(ejω)96?HA>956?BC<=5C967D5E;6?PlZD3BC<J8EL{:HC<=[;||}HA9>54;VG>PXT@6B6]839IG>:9:L~56?J9C=KL]ME=5CJ:LVJ3>Y��96?GCG>A6?m

QR.0
�C<;<G53@3A:<ME=5CJ:J?D;E9:9<LH(ejω)V3A;<C<M<5<A9:96;<G53@3AM5[9<:=56?J9C=K<ME=5CJ:96?<;<>6NC=67HA>956?hα(t)V;<NA;3CB3CN8<96>:OA<J9:=56?J9C=K<ME=5CJ:

h(n) = hα(nTs)

=<CJ9:J?;TD3C<;<?M6>6NCJ93A6839<JD:8<9CJ8ELtuavbwvBC<=5C967D5E;6?V
H(ejω) =

∞
∑

n=−∞

h(n)e−jnω

�C<;<G567839:;=56?J9C=K<ME=5CJ:VM5[9<<;<>76?83J3835C=I=>IJ8<9<9:;Hα(S)4L3qKL�
Hα(s) =

A

s + (α + jb)
+

B

s + (α − jb)

�



�J9<@35I�3A;<C

A = [(s + α + jb)Hα(s)]s=−α−jb =
s + α

s + (α − jb)
|s=−α−jb =

1

2
U<5E86C<TD6?83NC<96�V

B = [(s + α − jb)Hα(s)]s=−α+jb =
s + α

s + (α + jb)
|s=−α+jb =

1

2
WM68T;4LV

Hα(s) =
1
2

s + (α + jb)
+

1
2

s + (α − jb)

lYPYm
S;<LI>>6L95EM6LNC<;<G567839CLJ9<@35TL�=<C�@<K9<;;<N5IO6?839:;93>3?9<A<3qAJ4J:
83T;<=6C;EM<5<;68<J9KV

Hα(s) =
s + α

(s + α)2 + b2
=

A(s + α − jb) + B(s + α + jb)

(s + α)2 + b2

=<C;<3qCJ[J6?8396?LJ?;93>3J9TL94;M6>?4;784;94;<5C@8:9[;9:LHα(s)�

A + B = 1

A(α − jb) + B(α + jb) = α

�7;6;9<L9CLB76<?9TL3qCJ[J3CL4LM56L]=<C�=<9<>KN6?83J96ABC6<M69T>3J8<8396M56:x
N6783;6P]ME9:;<;I>?J:835C=[;=><J8I94;9:LHα(s)V:=56?J9C=K<ME=5CJ:8M653A;<G53@3A=<C839:D5KJ:96?p37N6?L839<JD:8<9CJ867������w

e−αtu(t) ⇔
1

s + αWCBC=E935<TD6?83

hα(t) =
1

2
e(−α−jb)tu(t) +

1

2
e(−a+jb)tu(t) = e−αt cos(bt)u(t)

X3B3CN8<96>:OA<9:Lhα(t)VTD6?83

h(n) = hα(nTs) = e−αnTs cos(bnTs)u(nTs)

oT>6LVNC<9:;<ME=5CJ:J?D;E9:9<LTD6?83

H(ejω) =
∞

∑

n=−∞

h(n)e−jnω =
∞

∑

n=0

e−αnTs cos(bnTs)e
jnω

=
∞

∑

n=0

1

2
e(−α−jb)nTse−jnω +

∞
∑

n=0

1

2
e(−α+jb)nTse−jnω

=
∞

∑

n=0

1

2
(e−αTs)ne−jn(ω+bTs) +

∞
∑

n=0

1

2
(e−αTs)ne−jn(ω−bTs)

U<5<9:56783E9CNC<;<J?N=>A;6?;9<<@56AJ8<9<<?9I=<CNC<;<65Ap39<C:<ME=5CJ:J?D;E9:9<LV
M5TM3C;<CJD73C

|e−αTs| < 1

�



KV3M3CBK3A;<CTs > 0M5TM3C;<3A;<Cα > 0PX3I>><>ENC<V6CME>6C9:LHα(s)M5TM3C;<G5AJ=6;9<CJ96<5CJ935E8CN<BC=E:8C3MAM3B6KVCJ6B7;<8<V:hα(t)M5TM3C;<<;9CJ96CD3AJ3T;<3?J9<@TLHA>956PX3α > 0
TD6?83<@56AJ8<9<<M3A54;E54;�348395C=KLU56EB6?83λ < 1V6ME93M<A5;6?83

H(ejω) =
1
2

1 − e(−α−jb)Tsejω
+

1
2

1 − e(−α+jb)Tsejω~I;6;9<L9<=>IJ8<9<68[;?8<=<C<M>6M6C[;9<LVTD6?8393>C=I

H(ejω) =
1 − e−αTs cos(bTs)e

jω

1 − 2eαTs cos(bTs)e−jω + e−2αTse−j2ω

-./0.0�

S;<HA>956J?;3D67LD5E;6?TD3CJ?;I59:J:839<H65IL

Hα(s) =
1

s + 1
];:hα(t)?M6J93AB3CN8<96>:OA<[J93;<JD:8<9CJ93AT;<J7J9:8<BC<=5C967D5E;6?83=56?J9C=K<ME=5CJ:

h(n) = hα(nTs)

;<G53@3A:9C8K96?TsVT9JC[J93:H(ejω);<3A;<C8C=5E935:=<9I���J9:J?D;E9:9<4�M�rVJ3JDTJ:839:8TNCJ9K9:L9C8KNC<4��VB:><BKV

10 log10

|H(ejπ/2)|2

|H(ej0)|2
= −6

QR.0
�=56?J9C=K<ME=5CJ:96?J?J9K8<96LJ?;3D67LD5E;6?3A;<C

hα(t) = e−tu(t)

�5:JC86M6C[;9<LX39<JD:8<9CJ8E������wlB3LM56:N6783;:IJ=:J:mVE9<;M5<N8<96M6C3A9<CB3CN8<96>:OA<V83M35A6B6B3CN8<96>:OA<LTsV:BC<=5C9K=56?J9C=K<ME=5CJ:M6?M56=7M93C3A;<C

h(n) = hα(nTs) = e−nTsu(nTs)

=<C:<ME=5CJ:J?D;E9:9<L3A;<C

H(ejω) =
∞

∑

n=0

e−nTse−jnω =
∞

∑

n=0

e−(Ts+jω)n =
∞

∑

n=0

(

e−(Ts+jω)

)n

=
1

1 − e−Tse−jω

X3
|H(ej0)|2 =

1

(1 − e−Ts)2

�



=<C
|H(ejπ/2)|2 =

1

1 + e−2Tsn5<@T>6?83
10log10

|H(ejπ/2)|2

|H(ej0)|2
= 10log10

(1 − e−Ts)2

1 + e−2Ts

= −6

K
(1 − e−Ts)2

1 + e−2Ts

= 10−0.6 = 0.2512

WM68T;4LVTD6?83
1 − 2e−Ts + e−2Ts = 0.2512[1 + e−2Ts ]

K
0.7488e−2Ts − 2e−Ts + 0.7488 = 0

:6M6A<3A;<C3qAJ4J:B3?9T56?G<@8674LM56Le−TsP�7;6;9<L9:;3qAJ4J:<?9KVG5AJ=6?839CL5Ap3L

e−Ts =
1

2(0.7488)
[2 ±

√

4 − 4(0.7488)2] =
1

0.7488
[1 ± 0.6628] = 2.2206 ή 0.4503

�<8GI;96;9<L96H?JC=ElF3MT5C6m>6NI5C@86=<C3MC>TN6;9<L9:l86;<BC=Km@39C=K9C8KNC<96
TsVTD6?83

Ts = 0.7978

-./0.0�

S;<8CN<BC=EVM35C65CJ8T;6?3756?Lp[;:LV<;<>6NC=EJK8<xα(t)
TD3C839<JD:8<9CJ8Etuavbwv

66M6A6L3A;<CBCIH656L96?8:B3;ELNC<8C<M35C6DKJ?D;69K94;[Ω1, Ω2]VEM4LH<A;39<C=<CJ96JDK8<M6?<=6>6?@3AP

o6JK8<<?9E?HAJ9<9<CB3CN8<96>:OA<=<CM56=7M93C:<=6>6?@A<x(n) = xα(nTs)P
efgU6CI3A;<C:3>IDCJ9:J?D;E9:9<B3CN8<96>:OA<LM6?8M653A;<D5:JC86M6C:@3AVT9JC[J93;<
8M653A;<<;<=9:@3A96xα(t)<M69<B3AN8<9<96?x(n)�

�



ehg�C<9:;3>IDCJ9:<?9K9C8K9:LJ?D;E9:9<LB3CN8<96>:OA<LV;<G53@3A697M6L9:LM<538G6>KL
96?xα(t)J?;<59KJ3C9:Lx(n)P

QR.0

efgWM3CBK:8TNCJ9:J?D;E9:9<96?JK8<96Lxα(t)3A;<C:Ω2V65?@8EL̂_̀abcd3A;<C2Ω2PU<x5<9:56783E84LE9C<;96xα(t)
BC<865H4@3A<MET;<8CN<BC=E3=@39C=EJK8<83J?D;E9:9<

(Ω2 + Ω1)/2VB:><BK
yα(t) = xα(t)e−j(Ω2+Ω1)t/2

9E9396yα(t)3A;<C968CN<BC=EJK8<96?6M6A6?96HIJ8<H<A;39<CJ96<=E>6?@6JDK8<�

EM6?Ω0 = (Ω2 − Ω1)/2Pn5<65?@8EL̂_̀abcdNC<96yα(t)3A;<C2Ω0 = Ω2 − Ω1VM5IN8<M6?H<;35[;3CE9C96xα(t)8M653A;<<;<=<9<J=3?<J93A8386;<BC=E95EM6<ME9<B3AN8<9<96?xα(nTs)
839:M56�ME@3J:E9C

Ts ≤
2π

Ω2 − Ω1];96xα(t)?M6J93AB3CN8<96>:OA<83J?D;E9:9<ΩsV96HIJ8<96?JK8<96LM6?M56=7M93C<ME9:B3CN8<96>:OA<3A;<C

Xs(jΩ) =
1

Ts

∞
∑

k=−∞

Xα(jΩ − jkΩs)

966M6A6M<5CJ9I;39<C=<CN5<HC=IJ963ME83;6JDK8<P

�



�C<;<8:;?MI5D3C3MC=I>?O:839<q794;839<96MCJ8T;4;H<J8I94;V3A;<C<M<5<A9:96;<
CJD73C

Ω2 − Ωs ≤ Ω1

K
Ωs ≥ Ω2 − Ω1

];<?9K:M56?ME@3J:C=<;6M6C3A9<CV96xα(t)8M653A;<<;<=<9<J=3?<J93A8386;<BC=E95EM6<ME96xs(t)
D5:JC86M6C[;9<LT;<HA>95683<ME=5CJ:J?D;E9:9<L<?9KM6?H<A;39<C

J963ME83;6JDK8<P

ehgX3J?D;E9:9<B3CN8<96>:OA<LΩs = Ω2 − Ω1V96HA>956<;<=<9<J=3?KL3A;<CT;<l8CN<BC=Emp4;6M35<9EHA>95683=56?J9C=K<ME=5CJ:

hr(t) = Ts
sin(Ωst/2)

πt
e−j(Ω2+Ω1)t/2

WM68T;4LV:Tq6B6L96?HA>956?<;<=<9<J=3?KLVM6?M<5IN3C968CN<BC=Ep4;6M35<9EJK8<
xα(t)3A;<C

xα(t) =
∞

∑

n=−∞

x(n)hr(t − nTs) = Ts

∞
∑

n=−∞

x(n)
sinΩs(t − nTs)/2

π(t − nTs)
e−j(Ω2+Ω1)t/2

�



-./0.0�

y3B68T;6?3;ELM5<N8<9C=67M35C65CJ8T;6?3756?Lp[;:LJK8<96Lxα(t)83Xα(f) = 0NC<|f | <

f1
=<C|f | > f2V96@3[5:8<B3CN8<96>:OA<L96?̂_̀abcd<;<HT53CE9C:3>IDCJ9:J?D;E9:9<B3CN8<96>:OA<L3A;<Cfs = 2f2PW;96796CLVJ3835C=TLM35CM9[J3CL96JK8<8M653A;<?M6J93AB3CN8<96>:OA<=<CJ3D<8:>E935:J?D;E9:9<P
efgSJ94E9Cf1 = 8���=<Cf2 = 10���PF<NA;3C8C<N5<HC=KM<5IJ9<J:96?839<JD:8<9CJ867tuavbwvBC<=5C967D5E;6?9:Lx(n) = xα(nTs)

<;3A;<Cfs = 1/Ts = 4���P
ehgo63756Lp[;:L96?M35C65CJ8T;6?3756?Lp[;:LJK8<96L65Ap39<CE9C3A;<C�

B = f2 − f1

=<C:=3;95C=KJ?D;E9:9<3A;<C�
fc =

f2 + f1

2F<B3CD@3AE9CV<;3A;<Cfc > B/2=<C:9C8K9:LJ?D;E9:9<Lf2
3A;<C<=T5<C6M6>><M>IJC6

96?3756?Lp[;:LB=<C96xα(t)?M6J93AB3CN8<96>:OA<J9:J?D;E9:9<fs = 2BVB3@<M<56?JC<J93A3MC=I>?O:P
eigF<3M<;<>:H@3A:BC<BC=<JA<96?3549K8<96LlGmVNC<9:;M35AM94J:M6?:9C8K9:LJ?D;E9:9<L

f2
B3;3A;<C<=T5<C6M6>><M>IJC696?3756?Lp[;:LBP

QR.0

efgSJ94E9C96JK8<xα(t)
TD3CT;<HIJ8<J<;<?9EM6?H<A;39<CJ96<=E>6?@6JDK8<P

�



o6HIJ8<96?JK8<96LM6?M56=7M93C839I<ME9:B3CN8<96>:OA<

xs(t) =
∞

∑

n=−∞

xα(nTs)δ(t − nTs)

3A;<C
Xs(f) =

1

Ts

∞
∑

k=−∞

Xα(f − kfs)

966M6A6M56=7M93C<ME9:;?MT5@3J:94;839<96MAJ34;9:LXα(f)=<9I<=T5<C<M6>><xM>IJC<9:LJ?D;E9:9<LB3CN8<96>:OA<LPX3fs = 4KHzVTD6?8396M<5<=I94BCIN5<88<
HIJ8<96L

<ME966M6A6M<5<9:56783E9CM5IN8<9C6C839<96MAJ3CLXα(f −kfs)
9:LXα(f)
B3;3MC=<>7x

M96;9<CPZ?;3M[LV839:=<9I>>:>:3M3q35N<JA<96?xs(t)V96JK8<8M653A;<<;<=<9<J=3?<xJ93A<ME9<B3AN8<9<96?PoT>6LV6� t 9:L<=6>6?@A<LBC<=5C967D5E;6?x(n) = xα(nTs)3A;<C
X(ejΩ) = Xs(

jω

Ts
)

966M6A6M<5CJ9I;39<CN5<HC=IJ96<=E>6?@6JDK8<P

Y�



ehg];:9C8K9:LJ?D;E9:9<Lf2
3A;<C<=T5<C6M6>><M>IJC696?3756?Lp[;:LBV8M656783;<3=H5IJ6?839CLf1
=<Cf2
4L3qKL�

f1 = (l − 1)B f2 = lB

X3J?D;E9:9<B3CN8<96>:OA<Lfs = 2BV96HIJ8<96?JK8<96L839I9:B3CN8<96>:OA<3=xH5Ip39<C8TJ49:L<=E>6?@:LJDTJ:L

Xs(f) =
1

Ts

∞
∑

k=−∞

Xα(f − 2kB)

WM3CBK:Xα(f)3A;<CBCIH65:96?8:B3;EL8E;6NC<(l−1)B < |f | < lBV?MI5D3CT;<LE56LJ96I@56CJ8<M6?J?;3CJHT53CJ96HIJ8<Xs(f)VJ9:;M35C6DK0 < f < B=<CT;<LE56LM6?J?;3CJHT53CJ9:;M35C6DK−B < f < 0
lNC<;<H<;3Aq3=I@<5<<?9EV=I;938C<N5<HC=K

M<5IJ9<J:EM4LJ9635[9:8<l<mmPZ?;3M[LVB3;?MI5D3C3MC=I>?O:=<C96xα(t)8M653A;<B3CN8<96>:M9:@3AD45ALM5EG>:8<V83J?D;E9:9<B3CN8<96>:OA<Lfs = 2BP
eig];:9C8K9:LJ?D;E9:9<Lf2
B3;3A;<C<=T5<C6M6>><M>IJC696?3756?Lp[;:LBV8M656783MI;9<;<<?qKJ6?83963756LBV8TD5C;<MI56?83T;<<=T5<C6M6>><M>IJC6PWCBC=E935<VTJ94E9C

k =

⌊

f2

B

⌋

EM6?bxc = floor(x)P];65AJ6?83
B′ =

f2

k3MCJ95TH6?83J9:;M35AM94J:96?3549K8<96LlGmEM6?:9C8K9:LJ?D;E9:9<Lf2
3A;<C<=T5<C6

M6>><M>IJC696?3756?Lp[;:LPn5<V8M656783;<=I;6?83B3CN8<96>:OA<J96JK8<xα(t)D45AL;<M56=7O3C3MC=I>?O:V83J?D;E9:9<B3CN8<96>:OA<L
fs = 2B′ =

2f2

bf2/Bc

-./0.0¡

F<M56JBC65CJ93A:3>IDCJ9:J?D;E9:9<B3CN8<96>:OA<LNC<=I@3T;<<ME9<M<5<=I94p4;6M35<9I
JK8<9<�
efgo6xα(t)3A;<CM5<N8<9C=E83Xα(f)8:8:B3;C=E8E;6NC<9KHz < |f | < 12KHzP
ehgo6xα(t)3A;<CM5<N8<9C=E83Xα(f)8:8:B3;C=E8E;6NC<18KHz < |f | < 22KHzP
eigo6xα(t)3A;<C8CN<BC=E83Xα(f)8:8:B3;C=E8E;6NC<30KHz < f < 35KHzP

QR.0

YY



efg�C<96JK8<<?9EV963756Lp[;:L3A;<CB = f2 − f1 = 3KHz=<C:f2 = 12KHz = 4BV3A;<C<=T5<C6M6>><M>IJC696?BPZ?;3M[LV:3>IDCJ9:J?D;E9:9<B3CN8<96>:OA<L3A;<C
fs = 2B = 6KHzP
ehg�C<96JK8<<?9E3A;<CB�����=<Cf2 = 22KHzV9C8K:6M6A<B3;3A;<C<=T5<C6M6>><M>IJC696?BPX3bf2/Bc = 5V<;@TJ6?83B′ = f2/5 = 4.49E93:9C8K9:Lf2

3A;<C<=T5<C6
M6>><M>IJC696?3756?LBVEM6938M656783;<=I;6?83B3CN8<96>:OA<96?JK8<96Lxα(t)
83J?D;E9:9<fs = 2B′ = 8.8KHzP
eig�C<T;<8CN<BC=Ep4;6M35<9EJK8<83HIJ8<BCIH65696?8:B3;ELNC<f1 < f < f2V:3>IDCJ9:J?D;E9:9<B3CN8<96>:OA<L3A;<Cfs = f2 − f1

lB3LM56:N6783;:JD39C=KIJ=:J:mPn5<VNC<96JK8<<?9E3A;<Cfs = 5KHzP

Yr



¢�£��¤��'�¥,�¦§�)�'%$̈§©*(ª�«§¥��¬%�$�%�­®�­§�-./0.0̄

S;<JK8<J?;3D67LD5E;6?xα(t)M5E=3C9<C;<M35IJ3C8TJ<<MET;<HA>95683J=6ME;<<M6x
8<=5?;@67;<ME<?9EVJ?;CJ9[J3LJ?D;E9:9<LJ9:;M35C6DK5���≤ f ≤ 10���P�8TNCJ9:J?D;E9:9<M6?38H<;Ap39<CJ96JK8<xa(t)

3A;<Cr����P�BC<BC=<JA<96?HC>95<5AJ8<96LM5Ex=3C9<C;<M5<N8<96M6C:@3AO:HC<=IV6ME93B3CN8<96>:M9678396JK8<xα(t)V96M35;I83<MET;<=<9I>>:>6O:HC<=EHA>956=<C96<;<=<9<J=3?Ip6?83839:D5KJ:3;ELCB<;C=67839<956MT<BC<x
=5C967J3J?;3DTLl��°mVNC<;<><G6?83963MC@?8:9E<;<>6NC=EJK8<PF<G53@3A:3>IDCJ9:B?;<9KJ?D;E9:9<B3CN8<96>:OA<LM6?8M653A;<D5:JC86M6C:@3A[J93;<<M6H7N6?839:;3MC=Ix
>?O:V=<CNC<96;3>IDCJ96<?9E5?@8EV;<G53@3A:<ME=5CJ:J?D;E9:9<L96?CB<;C=67O:HC<=67
HA>956?H(ejω)966M6A6@<<M68<=57;3C9CLp:96783;3LJ?D;E9:93L<ME96xα(t)P
QR.0
WM3CBK:8TNCJ9:J?D;E9:9<M6?38H<;Ap39<CJ96xα(t)3A;<Cr����V:3>IDCJ9:J?D;E9:9<B3CNx
8<96>:OA<LM6?8M653A;<D5:JC86M6C:@3AD45AL;<M<5<9:5:@3A<;<BAM>4J:V3A;<Cfs = 40���P�JDTJ:M6?J?;BT3C9:J?;3DKJ?D;E9:9<Ω839:BC<=5C9KJ?D;E9:9<ωV3A;<C

ω = ΩTs

K
ω = 2π

f

fsWM68T;4L:M35C6DKJ?D;69K94;5���≤ f ≤ 10���<;9CJ96CD3AJ9:;M35C6DKBC<=5C9[;J?xD;69K94;
π

4
≤ ω ≤

π

2
=<C96p:96783;6CB<;C=EO:HC<=EHA>9563A;<CT;<HA>956<M6=6MKLp[;:L83<ME=5CJ:J?D;E9:x
9<LV:6M6A<<M3C=6;Ap39<CJ96M<5<=I94JDK8<P

Y�



-./0.0±

S;<83NI>6M5EG>:8<J9:=<9<N5<HK3;EL:>3=956=<5BC6N5<HK8<96Ll²°³mV3A;<C:38HI;CJ:
<;3MC@78:94;M<538G6>[;J9:J?D;E9:9<94;����VJ9:;Tq6B6PkC<C9A3L94;M<538G6>[;<?x9[;9:LN5<88KL96?BC=976?M35C><8GI;6?;H<C;E83;<EM4L9:8<N;:9C=K3M<N4NKV9<5378<9<
839<9EMCJ:Ll�bc����ẃwµd�avvwµdcmJ96?L86;48T;6?L<=56BT=93LM6?G5AJ=6;9<CJ96J[8<96?
<J@3;67L=<C9CL3M<HTL94;J?;BTJ34;839<q794;BC<HE54;J?J=3?[;P23456783E9C963756Lp[;:L96?JK8<96LM6?8<L3;BC<HT53Cl4HT>C86JK8<m3A;<CY���VB:><BK

Xα(f) = 0 |f | > 1000Hz

o6<;<>6NC=EJK8<839<95TM39<CJ3T;<JK8<BC<=5C967D5E;6?839:G6K@3C<3;ELCB<;C=67
839<956MT<���J96;6M6A6D5:JC86M6C3A9<CJ?D;E9:9<B3CN8<96>:OA<LfsPo6JK8<M6?M56=7M93C
x(n) = x(nTs)V3M3q35NIp39<CJ9:J?;TD3C<839:G6K@3C<3;ELJ?J9K8<96LBC<=5C967D5E;6?lHA>956r:L9Iq:Lm966M6A6M35CN5IH39<C<ME9:;3qAJ4J:BC<H65[;

y(n) = x(n) + αx(n − 1) + bx(n − 2)

o6JK8<3qEB6?y(n)96?HA>956?V839<95TM39<CJ9:J?;TD3C<J3<;<>6NC=EJK8<839:G6K@3C<3;EL
CB<;C=67839<956MT<���P¶:93A9<CVM56JBC65Ap6;9<L9C8TLNC<9:J?D;E9:9<fs

=<C96?LJ?;93>3J9TL
α=<CbV;<JD3BC<J93AT;<J7J9:8<966M6A6;<<M68<=57;3C96JK8<M<538G6>KL94;����VB:><BKJK8<9<9:L865HKL

wα(t) = A sin(100πt) = A sin(2π50t)

;<8:;38H<;Ap39<CJ9:;Tq6B696?839<956MT<���P
QR.0
o6JK8<<ME966M6A6M5TM3C;<<M68<=5?;@3A:J?;CJ9[J<94;50Hz

TD3C3756Lp[;:LM6?
M35C65Ap39<CJ9<Y�����PZ?;3M[LVNC<;<<M6H7N6?839:;3MC=I>?O:=<9I9:B3CN8<96>:OA<96?JK8<96L<?967V<M<C93A9<C8C<J?D;E9:9<B3CN8<96>:OA<L

fs ≥ 2000Hz

�5:JC86M6C[;9<L96;3>IDCJ965?@8E94;r�����VM<5<9:56783E9C96JK8<94;����Vwα(t) =

A sin(100πt)NA;39<C
w(n) = wα(nTs) = sin

(100πn

2000

)

= sin(nω0)

EM6?ω0 = 0.05πP·M3;@?8Ap39<C3B[VE9C6C8CN<BC=TL3=@39C=TL<=6>6?@A3L<M693>67;CBC6J?x;<59KJ3CL94;�5<88C=[;=<C�56;C=I]839IG>:94;l��]mJ?J9:8I94;PWM68T;4LV<;:3AJ6B6LJ3T;<��]J7J9:8<3A;<Cx(n) = ejnω0V:Tq6BEL96?3A;<C

y(n) = H(ej0)ejnω0

Y�



WM3CBK
w(n) =

ejnω0 − e−jnω0

2j:w(n)
@<<M68<=5?;@3A<ME9:x(n)<;JD3BCIJ6?83T;<HA>956T9JC[J93:H(ejω);<3A;<CAJ:
83968:BT;VNC<ω = ±ω0PWM3CBK:H(ejω)<;9CJ96CD3AJ3T;<HA>956B37935:L9Iq:L83<ME=5CJ:J?D;E9:9<L

H(ejω) = 1 + αe−jω + be−j2ω

8M653A;<M<5<N6;96M6C:@3A[L3qKL�
H(ejω) = (1 − αe−jω)(1 − βe−jω)

n5<V:H(ejω)
@<3A;<CAJ:83968:BT;NC<ω = ±ω0V<;3A;<Cα = ejω0

=<Cb = e−jω0PZ9:M35AM94J:<?9KVTD6?83
H(ejω) = 1 − 2(cos ω0)e

−jω + e−j2ω

n5<V6C<M<C9KJ3CL8<L93>C=I3A;<C
a = −2 cos ω0 = 2 cos(0.05π) b = 1

=<Cfs = 2000P-./0.01̧

o6M<5<=I94J7J9:8<D5:JC86M6C3A9<CNC<9:;O:HC<=K3M3q35N<JA<3;EL<;<>6NC=67JK8<96L

·M6@T96?83E9C96JK8<xα(t)
TD3CM35C65CJ8T;63756Lp[;:L83Xα(f) = 0NC<|f | > 5���VEM4L

H<A;39<CJ96<=E>6?@6JDK8<V

Y�



=<CE9C96J7J9:8<BC<=5C967D5E;6?3A;<CT;<CB<;C=ED<8:>6M35<9EHA>95683J?D;E9:9<<M6=6MKL
π/2P
efgF<G53@3A6839<JD:8<9CJ8ELtuavbwv96?yα(t)<;6CJ?D;E9:93LB3CN8<96>:OA<L3A;<Cf1 =

f2 = 10���P
ehgF<3M<;<>:H@3A96l<mVNC<f1 = 20���=<Cf2 = 10���P
eigF<3M<;<>:H@3A96l<mVNC<f1 = 10���=<Cf2 = 20���P

QR.0

efgs9<;6CJ?D;E9:93LB3CN8<96>:OA<L94;839<956MT4;°��=<C��°3A;<CAJ3LV=<C96xα(t)TD3CM35C65CJ8T;63756Lp[;:L83Xα(jΩ) = 0NC<|Ω| > π/T1V96J7J9:8<<?9ECJ6B?;<83A83T;<<;<>6NC=EHA>95683<ME=5CJ:J?D;E9:9<L

Hα(jΩ) =

{

H(ejΩT1) , |Ω| < π
T1�V<>>67

Z?;3M[LV<;:H(ejω)<;9CJ96CD3AJ3T;<D<8:>6M35<9EHA>95683J?D;E9:9<<M6=6MKLπ/2V
:J?D;E9:9<<M6=6MKL96?Hα(jΩ)VM6?J?8G6>Ap39<C83Ω0VBA;39<C<ME9:JDTJ:

Ω0T1 =
π

2

KCJ6B7;<8<V
2πf0 · T1 =

π

2

n5<3A;<C
f0 =

1

4
f1 = 2, 5KHz

ehgs9<;6CJ?D;E9:93LB3CN8<96>:OA<L94;839<956MT4;°��=<C��°BC<HT56?;V3A;<CM569C8Ex
9356;<=I;6?839:N5<HC=KM<5IJ9<J:96?HIJ8<96L94;J:8I94;VEM4L<?9I3q3>AJJ6;9<C
8TJ<J96J7J9:8<PX39:Xα(f)
EM4LH<A;39<CM<5<MI;4V6839<JD:8<9CJ8ELtuavbwvBC<x

=5C967D5E;6?9:Lx(n)3A;<C

Y�



WM3CBK:J?D;E9:9<<M6=6MKL96?D<8:>6M35<967HA>956?BC<=5C967D5E;6?3A;<CAJ:83π/2V3A;<Cy(n) = x(n)=<C:Tq6B6L96?839<956MT<��°3A;<C<?9KM6?H<A;39<CJ96M<5<=I94JDK8<P

eigX3f1 = 10���V=I;6?83B3CN8<96>:OA<96?JK8<96Lxα(t)J965?@8Ê_̀abcd=<C96HIJ8<9:Lx(n)3A;<C

3;[:Tq6B6L96?D<8:>6M35<967HA>956?H<A;39<CJ96<=E>6?@6JDK8<P

Y�



WM68T;4LV96HIJ8<9:Lyα(t)3A;<C<?9EM6?M<5CJ9I;39<CJ9:J?;TD3C<�

-./0.011

2345678396J?;6>C=EJ7J9:8<9:LM56:N6783;:LIJ=:J:LNC<9:;O:HC<=K3M3q35N<JA<3;EL
J78<96LJ?;3D67LD5E;6?P234567833MAJ:LVE9C:3AJ6B6L96?839<956MT<°��M35C65Ap39<CJ3T;<3756Lp[;:LΩ0 = Ωs/2=<@[L3MAJ:L=<CE9C:=56?J9C=K<ME=5CJ:96?J?J9K8<96LBC<=5C967D5E;6?3A;<C

h(n) = δ(n) − 0.9δ(n − 1)

F<G53@3A:J?;6>C=K<ME=5CJ:J?D;E9:9<L96?J?J9K8<96L<?967P
QR.0
2345[;9<LJK8<3CJEB6?M35C65CJ8T;6?3756?Lp[;:L83Xα(jΩ) = 0NC<|Ω| > Ωs/2:Tq6B6L
Yα(jΩ)JD39Ap39<C839:;3AJ6B6Xα(jΩ)

[L3qKL�
Yα(jΩ) = Hα(jΩ)X(jΩ)

EM6?
Ha(jΩ) =

{

H(ejΩTs) |Ω| < π
Ts�<>>67
Y�



WM3CBK:<ME=5CJ:J?D;E9:9<L96?J?J9K8<96LBC<=5C967D5E;6?3A;<C
H(ejω) = 1 − 0.9e−jω

9E93@<3A;<C
Ha(jΩ) =

{

1 − 0.9e−jΩTs |Ω| < π
Ts�<>>67

-./0.01\

�C<96J7J9:8<9:LM56:N6783;:LIJ=:J:LV@345[;9<LE9C96JK8<3CJEB6?xα(t)3A;<CM35C65CxJ8T;6?3756?Lp[;:LT9JC[J93VXa(f) = 0NC<|f | > 10���V;<G53@3A96J7J9:8<BC<=5C967D5E;6?M6?M<5IN3CJ9:;Tq6B696JK8<yα(t)NC<966M6A6CJD73C

Yα(jΩ) =

{

jΩXα(jΩ) 4000π ≤ |Ω| ≤ 16000π�<>>67

QR.0
]ME9:;M<5<MI;4JDTJ:3A;<CM56H<;TLE9C:<ME=5CJ:J?D;E9:9<Ll8T956m96?J?;3D67LD5E;6?
J?J9K8<96LBA;39<C<ME9:JDTJ:

Hα(jΩ) =

{

jΩ 4000π ≤ |Ω| ≤ 16000π�<>>67
];@345KJ6?839[5<E9C:J?D;E9:9<B3CN8<96>:OA<L3A;<Cfs = 20���V:<ME=5CJ:J?D;E9:9<L96?J?J9K8<96LBC<=5C967D5E;6?@<M5TM3C;<3A;<C

H(ejω) =

{

j ω
Ts

, 0.2π ≤ |ω| ≤ 0.8π�
,<>>67EM6?Ts = 1/20000P-./0.01z

2345678396<=E>6?@6J7J9:8<3M3q35N<JA<L3;ELJK8<96LJ?;3D67LD5E;6?839:G6K@3C<3;EL
J?J9K8<96LBC<=5C967D5E;6?�

Y�



�<ME=5CJ:J?D;E9:9<L96?HA>956?BC<=5C967D5E;6?3A;<C

H(ejω) =
2(1

3 − e−jω)

1 − 1
3e−jω

];3A;<Cfs = 2���=<Cxα(t) = sin(1000t)V;<G53@3A:Tq6B6Lyα(t)P
QR.0
~I;6;9<L9:B3CN8<96>:OA<J96JK8<xα(t) = sin(1000πt)83J?D;E9:9<B3CN8<96>:OA<Lfs = 2000VM<5IN39<C:<=6>6?@A<BC<=5C967D5E;6?

x(n) = xα(nTs) = sin (1000πnTs) = sin (
nπ

2
)

Z9:J?;TD3C<:<=6>6?@A<<?9KM35;I8TJ<<ME96HA>956BC<=5C967D5E;6?

H(ejω) =
2(1

3 − e−jω)

1 − 1
3e−jω

WM3CBK:x(n)3A;<C:8C96;63CBKLV:<ME=5CJ:3A;<C

y(n) = A sin(
nπ

2
+ φ)

EM6?A=<Cφ3A;<C<;9AJ96CD<V96M>I96L=<C:HIJ:9:L<ME=5CJ:LJ?D;E9:9<LVNC<ω = π/2PX3

|H(ej π

2 )|2 = 4
(1
3 − e−jω)

1 − 1
3e−jω

·
(1
3 − ejω)

1 − 1
3ejω

∣

∣

∣

∣

ω=π/2

= 4
10
9 − 2

3 cos(ω)
10
9 − 2

3 cos(ω)

∣

∣

∣

∣

ω=π/2

= 4

TM39<CE9C|H(ej π

2 )| = 2Po:HIJ:8M656783;<9:;?M6>6NAJ6?834L3qKL�

H(ejω) = 2
1
3 − e−jω

1 − 1
3e−jω

·
1 − 1

3ejω

1 − 1
3ejω

= 2
2
3 − 1

9ejω − e−jω

|1 − 1
3e−jω|2

= 2
2
3 − 10

9 cos ω + j 8
9 sinω

|1 − 1
3e−jω|2 lYPrm

WM68T;4LV
φh(ω) = tan−1

8
9 sinω

2
3 − 10

9 cos ω

966M6A6NC<ω = π/2VBA;3C

φh(ω)|ω=π/2 = tan−1 8/9

2/3
= tan−1 4

3
= 0.2952

n5<V3A;<C93>C=IV
y(n) = 2 sin(

π

2
[n + 0.5903])

r�



¹��������� º»¼(�½¬�%'(���)*+,�¾
-./0.01�

·M6@T96?83E9C8C<<=6>6?@A<BC<=5C967D5E;6?x(n)
TD3CM35C65CJ8T;63756Lp[;:LT9JC[J93

X(ejω) = 0 0.3π < |ω| < π

Z9:J?;TD3C<=I;6?83B3CN8<96>:OA<J9:;<=6>6?@A<<?9K[J93;<JD:8<9AJ6?838C<I>>:<=6x
>6?@A<

y(n) = x(nN)

EM6?F3A;<CT;<L<=T5<C6LPF<G53@3A:83N<>7935:B?;<9K9C8K96?FNC<9:;6M6A<:x(n)
8M653A;<<;<=9:@3A8386;<BC=E95EM6<ME9:y(n)P
QR.0
k3?=6>E9356L95EM6LNC<;<<;9C8394MCJ93A96M5EG>:8<<?9EV3A;<C<?9ELM6?M35CN5IH39<C83
96<=E>6?@6JDK8<P

X39<95TM6;9<L9:;<=6>6?@A<x(n)J3T;<JK8<J?;3D67LD5E;6?V839:G6K@3C<3;EL839<956MT<��°=<C83J?D;E9:9<B3CN8<96>:OA<LfsVM<5IN39<C96JK8<J?;3D67LD5E;6?xα(t)96?6M6A6?963756Lp[;:LM35C65Ap39<CJ3f0 = 0.3 ·fs/2Pn5<8M653A;<NA;3CB3CN8<96>:OA<96?JK8<96Lxα(t)VD45AL;<M56=7O3C3MC=I>?O:V<;D5:JC86M6CKJ6?83J?D;E9:9<B3CN8<96>:OA<Lf ′

s ≥ 2f0 = 0.3fsVK
T ′

s <
Ts

0.3
= 3.333̄Ts

WM68T;4LV<;3A;<CT ′

s = 3TsV9E93@<3A;<C

y(n) = xα(3nTs) = x(3n)

=<C:x(n)8M653A;<<;<=9:@3A8386;<BC=E95EM6<ME9:y(n)Pn5<VNmax = 3P-./0.01�

rY



2345678396M<5<=I94J7J9:8<�

·M6@T96?83E9C3A;<CXα(jΩ) = 0NC<|Ω| > π/Ts
=<CE9C

H(ejω) =

{

e−jω |ω| ≤ π
L�π

L < |ω| ≤ π

X3M6CE95EM6V:Tq6B6L96?J?J9K8<96LBC<=5C967D5E;6?Vy(n)VJD39Ap39<C8396JK8<3CJEB6?
xα(t)�
QR.0
Z96J7J9:8<<?9EV96JK8<M35C65CJ8T;6?3756?Lp[;:Lxα(t)V?HAJ9<9<CB3CN8<96>:OA<D45ALM5EG>:8<=<CM<5IN39<C96JK8<x(n) = xα(nTs)PX3?M35B3CN8<96>:OA<9:Lx(n)83T;<J?x;93>3J9KL=<CM35;[;9<L9:;8TJ<<MET;<CB<;C=EO:HC<=ED<8:>6M35<9EHA>95683J?D;E9:9<<M6=6MKLωc = π/LVM<5IN39<C96JK8<

w(n) = xα

(nTs

L

)

B:><BKVT;<JK8<M6?TD3C?M6J93AB3CN8<96>:OA<83J?D;E9:9<B3CN8<96>:OA<LLfsP�TG<C<V3M3CBK96D<8:>6M35<9EHA>956TD3C8C<N5<88C=KHIJ:83=<@?J9T5:J:68IB<L96?3;ELB3AN8<96LV
96JK8<M6?TD3C?M6J93A?M35B3CN8<96>:OA<=CTD3CHC>95<5CJ93A=<@?J9353A=<9<T;<B3AN8<l6
J?;B?<J8EL96??M35B3CN8<96>KM9:=<C96?CB<;C=67D<8:>6M35<967HA>956?=<>3A9<CJ7J9:8<
M<538G6>KLmPZ?;3M[LV:Tq6B6L96?D<8:>6M35<967HA>956?3A;<C

u(n) = w(n − 1) = xα

(

[n − 1]
Ts

L

)

Z9:J?;TD3C<V?M6B3CN8<96>:M9[;9<L=<9IT;<J?;93>3J9KLVM<5IN39<C:Tq6B6LV
y(n) = u(Ln) = w(Ln − 1) = xα

(

nTs −
Ts

L

)

n5<V:y(n)<;9CJ96CD3AJ9<B3AN8<9<9:Lxα(t − t0)
EM6?t0 = Ts/LP-./0.01�

2345678396J7J9:8<M6?H<A;39<CJ96M<5<=I94JDK8<P
rr



23456783E9C:3AJ6B6LTD3CM35C65CJ8T;63756Lp[;:V83Xα(jΩ) = 0NC<|Ω| > 2π · 1000P
efgoCM35C65CJ86AM5TM3C;<93@67;J9CLM<5<8T956?LMVT1

=<CT2
[J9396yα(t);<CJ679<C8396xα(t)�

ehg];3A;<Cf1 = f2 = 20���=<CM = 4V;<G53@3A8C<T=H5<J:NC<96yα(t)J?;<59KJ3C96?
xα(t)P

QR.0

efg·M6@T96?83E9C96xα(t)
TD3C839<JD:8<9CJ8EtuavbwvJ<;<?9E;M6?H<A;39<CJ96M<5<=I94

JDK8<P

WM3CBK3A;<Cy(n) = x(Mn) = xα(nMT1)VNC<;<<M6H7N6?839:;3MC=I>?O:J9:x(n)V<M<C93A9<C;<3A;<C
MT1 <

1

2000

r�



];6M35C65CJ8EL<?9ELC=<;6M6C3A9<CV:Tq6B6L96?BC<C5T9:J?D;E9:9<LTD3C� t J<;
<?9E;M6?H<A;39<CJ963ME83;6JDK8<P

X39:BCT>3?J:8TJ<<ME96839<956MT<��°VM<5IN39<CT;<JK8<yα(t)V966M6A6TD3C96
839<JD:8<9CJ8EtuavbwvM6?H<A;39<CJ96<=E>6?@6JDK8<P

WM68T;4LVNC<;<3A;<C96yα(t)
AJ68396xα(t)V<M<C93A9<C;<3A;<C

YPMT1 ≤ 1/2000NC<;<<M6H7N6?839:;<;<BAM>4J:J?D;69K94;P
rPT2 = MT1
NC<;<<M6H7N6?83=>C8I=4J:J9:J?D;E9:9<P

ehgX3T1 = T2 = 1/20000=<CM = 4VM<5<9:56783E9C
MT1 =

1

5000
<

1

2000WM68T;4LVB3;M<56?JCIp39<C<;<BAM>4J:J?D;69K94;Pn5<VEM4LG>TM6?83=<C<ME96JDK8<M<5<MI;4V
Yα(jΩ) =

1

4
Xα

(jΩ

4

)

:
yα(t) = xα(4t)

r�



-./0.01¡

o<J?J9K8<9<6BKN:J:L94;O:HC<=[;9<C;C6H[;4;l�b¿bd���a�bu ��wcK�� m>3C96?5N67;
83J?D;E9:9<B3CN8<96>:OA<L�����V3;[6CJ?J=3?TL<;<M<5<N4NKLBAJ=4;>TCp35l°�À��_wvm>3C96?5N67;J965?@8E94;��PY���P�C<;<M5<N8<96M6C:@3A<M3?@3A<L:D6N5IH:J:<MET;<°�J3T;<�� V3A;<C<M<5<A9:9::839<956MK96?5?@867B3CN8<96>:OA<L<M6��PYJ3�����PS9JCV@345678396M<5<=I94J7J9:8<839<956MKL96?5?@867B3CN8<96>:OA<L�

F<M56JBC65CJ@67;6C8C=5E9353LB?;<9TL9C8TLNC<9CLM<5<8T956?LM=<CLV=<@[L3MAJ:L;<M56JBC65CJ@3A96=<9I>>:>6HA>956H(ejω)VNC<9:p:96783;:839<956MKP
QR.0
y3B68T;6?E9C3A;<C48000 = 27 · 3 · 53=<C41000 = 22 · 32 · 52 · 72VNC<;<839<G>:@3A65?@8ELB3CN8<96>:OA<LM5TM3C;<3A;<C

L

M
=

27 · 3 · 53

22 · 32 · 52 · 72
=

25 · 5

3 · 72
=

160

147WM68T;4LV<;=I;6?83?M35B3C8N<96>:OA<83T;<J?;93>3J9KL = 160=<CJ9:J?;TD3C<=I;6?83
?M6B3CN8<96>:OA<83T;<J?;93>3J9KM = 147VM39?D<A;6?839:p:96783;:839<956MK96?5?@867B3CN8<96>:OA<LPo6D<8:>6M35<9EHA>956M6?<M<C93A9<C3A;<C3=3A;6966M6A6TD3CJ?D;E9:9<<M6=6MKL

ωc = min

(

π

L
,

π

M

)

=
π

160=<C96=T5B6Ll3;AJD?J:m96?HA>956?M5TM3C;<3A;<CAJ683L = 160P-./0.01̄

·M6@T96?83E9Cp:93A9<C;<3MCG5<B?;@3AT;<98K8<JK8<96LH4;KL=<9I968CJE9:L=<;6;C=KL
96?9<D79:9<LPo6JK8<H4;KLsα(t)

@3453A9<CE9CTD3C8:B3;C=K3;T5N3C<Tq4<MET;<3756L94;
����=<CE9C?HAJ9<9<CB3CN8<96>:OA<835?@8EY����V6ME93M<5IN39<C:<=6>6?@A<

s(n) = sα(nTs)

r�



U5693A;39<C96M<5<=I94J7J9:8<NC<9:B:8C6?5NA<9:L3MCG5IB?;J:L96?JK8<96LH4;KLP

WMAJ:L@3456783E9C:Sα(jΩ)3A;<C<?9KM6?H<A;39<CJ96<=E>6?@6JDK8<�

l<mF<G53@3A96HIJ8<9:Lv(n)P
lGm·M6@T96?83E9C96HA>956BC<=5C967D5E;6?M35CN5IH39<C<ME9:;3qAJ4J:BC<H65[;

y(n) =
1

2
(v(n − 1) + 2v(n) + v(n + 1))

F<G53@3A:<ME=5CJ:J?D;E9:9<L96?HA>956?<?967=<C;<M35CN5<H3A:3MAB5<JK96?J96
JK8<v(n)P
lNmU4L3=H5Ip39<C:Yα(jΩ)J?;<59KJ3C9:LXα(jΩ)�];9CJ96CD3A96JK8<yα(t)J9:;3MCG5<B?x;E83;:H4;K�

QR.0

r�



l<mWHEJ6;M5<N8<96M6C3A9<CB3CN8<96>:OA<96?JK8<96Lsα(t)J965?@8Ê_̀abcdV6� t 96?JK8<96LH[;KL839I9:B3CN8<96>:OC<Vs(n)VTD3C4L3qKL�

~I;6;9<L?M35B3CN8<96>:OA<83T;<J?;93>3J9K2=>C8<=[;39<C6Iq6;<L9:LJ?D;E9:9<L96?S(ejω)=<9IT;<J?;93>3J9KrVEM4LH<A;39<CM<5<=I94P

lGm�=56?J9C=K<ME=5CJ:96?HA>956?BC<=5C967D5E;6?3A;<C

h(n) =
1

2
δ(n + 1) + δ(n) +

1

2
δ(n − 1)

966M6A6TD3C<ME=5CJ:J?D;E9:9<L

H(ejω) = 1 + cos ω

�C<;<3q39IJ6?839:;3MAB5<J:96?HA>956?<?967J96JK8<v(n)VM<5<9:56783E9C3q<C9A<L9:L?M35B3CN8<96>:OA<LV@<3A;<Cv(n) = 0NC<M35C99TL9C8TL96?nPWM68T;4LVTD6;9<L

y(n) = u(n) +
1

2
u(n − 1) +

1

2
u(n + 1)

TM39<CE9C3A;<C
y(n) =

{

u(n) nM35C99EL
1
2u(n − 1) + 1

2u(n + 1) n
I59C6L

r�



n5<6C9C8TL9:Lv(n)NC<M35C9967LB3A=93LnM<5<8T;6?;<839IG>:93LV3;[NC<I59C6?LB3A=93L6C<;9AJ96CD3L9C8TL3A;<C68TJ6LE56L94;B76N3C96;C=[;9C8[;PZ<;<M69T>3J8<VTD6?839:;h(n)M6?M5<N8<96M6C3AN5<88C=KM<538G6>K839<q794;9C8[;9:Lv(n)P
lNm�Tq6B6L96?839<956MT<��°Vyα(t)VTD3C839<JD:8<9CJ8Etuavbwv

Yα(jΩ) =

{

TsY (ejΩTs) |Ω| < π/Ts�<>>67
WHEJ6;3A;<C

Y (ejΩ) = H(ejΩ)V (ejΩ) = (1 + cos ω)V (ejΩ)

=<C
V (ejΩ) = S(ej2Ω)

9E93@<3A;<C
Yα(jΩ) =

{

Ts(1 + cos ΩTs)S(ej2ΩTs) |Ω| < 10000π

0 <>>67
M6?3A;<C96NC;E83;694;M<5<J9IJ34;(1 + cos ΩTs)

=<CTsS(ej2ΩTs)
EM4LVH<A;39<CJ96

3ME83;6JDK8<P

WM68T;4LV96JK8<yα(t)VB3;<;9CJ96CD3AJ96JK8<H4;KLM6?TD3C3MCG5<B?;@3A3q<C9A<L94;3CB[>4;9:Lsα(t)M6?38H<;Ap6;9<CJ9:M35C6DKJ?D;69K94;5000π < |Ω| < 10000π=<C96?M5<N8<9C=67l8:CB<;C=67mN5<88C=67M<538G6>T<lbµdwv�u��duvmPU<5<9:56783E9CV8C<=<>7935:M56JTNNCJ:@<K9<;:D5KJ:96?839<956MT<��°835?@8EB3CN8<96>:OA<L2Ts
83

J=6ME;<3q<>3CH@67;9<3AB4><

-./0.01±

Z96M<5<=I94JDK8<H<A;6;9<CB76BC<H6539C=6A95EM6CJ7;B3J:LJ3J3C5I3;EL?M35B3CN8<96>Kx
M9:=<C3;EL?M6B3CN8<96>KM9:P

r�



efg];3A;<CL = MV;<B3CD@3AE9C9<B76J?J9K8<9<B3;3A;<CM<;686CE9?M<P
ehg~I94<MEM6C3LJ?;@K=3LV9<B76J?J9K8<9<<?9I@<3A;<CM<;686CE9?M<�

QR.0

efgZ96M5[96J7J9:8<M6?<M693>3A9<C<MET;<?M35B3CN8<96>KM9:66M6A6L<=6>6?@3A9<C<ME
T;<?M6B3CN8<96>KM9:VM<5<9:56783E9C:w1(n)3A;<C8C<<=6>6?@A<:6M6A<JD:8<9Ap3x9<C839:;3CJ<N4NKL − 18:B3;C=[;839<q7BC<B6DC=[;9C8[;9:Lx(n)PZ9:J?;TD3C<6?M6B3CN8<96>KM9:L3qIN3C=I@3Lx6J9KlM = L

m9C8K9:Lw1(n)VB:><BKM<5IN3C9:;Tq6B6V

y1(n) = x(n)

Z96B379356J7J9:8<E84LV6?M6B3CN8<96>KM9:L3qIN3C=I@3Lx6J9EB3AN8<9:Lx(n)=<C<M655AM93C9<?ME>6CM<Pk?M35B3CN8<96>KM9:LJ9:J?;TD3C<V3CJIN3CL−18:B3;C=I839<q794;BC<B6DC=[;9C8[;9:Lw2(n)PZ?;3M[L3A;<CV

y2(n) =

{

x
(

nM
L

)

n = 0,±L,±2L, . . .�<>>67
n5<9<B76J?J9K8<9<B3;3A;<CABC<P
ehg�C<;<<;<>7J6?839<J?J9K8<9<<?9IE9<;L 6= MVM5TM3C;<M<5<9:5KJ6?83E9C:y2(n)J96B379356J7J9:8<TD3C9:865HKM6?H<A;39<CJ96M<5<=I94JDK8<�

r�



]ME9:;I>>:M>3?5IV:<=6>6?@A<w1(n)J96M5[96J7J9:8<H<A;39<CJ96M<5<=I94JDK8<�

U<5<9:56783E9C:y1(n)JD:8<9Ap39<C839:;3q<N4NK=I@3Áx6J9KL9C8KL9:Lw1(n)V
y1(n) = w1(nM)

WA;<CH<;35EE9CV
y1(kL) = w1(kML) = x(kM)

=<CT9JC3A;<C
y1(kL) = y2(kL)

�TG<C<VNC<;<3A;<C:y1(n)
AJ:839:y2(n)V<M<C93A9<C

y1(n) = w1(nM) = 0 n 6= kL

]?9E@<CJD73C<;=<C8E;6<;V6CM<5I83956CM=<CL3A;<C839<q796?LM5[96CP

��



"�Â)���,*¥*©»¥�*(ª�«§¬%�$�%��½®�­§�»-./0.0\̧

F<G53@3A:<ME=5CJ:J?D;E9:9<L96?J?J9K8<96LM6?65Ap39<C<ME96M<5<=I94J?J9K8<�

QR.0
Z9:B68K<?9K<;<N;45Ap6?83T;<J7J9:8<N5<88C=KLHIJ:L83=56?J9C=K<ME=5CJ:

h(n) = −0.1[δ(n) + δ(n − 6)] + 0.2[δ(n − 1) + δ(n − 5)] + 0.5[δ(n − 2) + δ(n − 4)] + δ(n − 3)

WM68T;4LV:<ME=5CJ:J?D;E9:9<L3A;<C

H(ejω) = −0.1[1 + e−j6ω] + 0.2[e−jω + e−j5ω] + 0.5[e−j2ω + e−j4ω] + e−j3ω

= e−j3ω[1 + cos ω + 0.4 cos 2ω − 0.2 cos 3ω]

-./0.0\1

S;<N5<88C=E=<CD56;C=I<839IG>:96J7J9:8<TD3C9:;<=E>6?@:=56?J9C=K<ME=5CJ:

h(0) = −0.01

h(1) = 0.02

h(2) = −0.10

h(3) = 0.40

h(4) = −0.10

h(5) = 0.02

h(6) = −0.01

�Y



α
mF<JD3BC<J93AT;<BCIN5<88<56KLJK8<96Llcb¿µ��Ã�uÄ¿v��ÅmNC<96J7J9:8<<?9EV8396;
3>IDCJ96<5C@8EM6>><M><JC<J8[;P

β
m];:3AJ6B6L96?J?J9K8<96L<?9673A;<CH5<N8T;:V|x(n)| < 1NC<=I@3nVM6C<3A;<C:
8TNCJ9:9C8KJ9:;6M6A<8M653A;<H9IJ3C:Tq6B6Ly(n)�

QR.0

α
mWM3CBK96J7J9:8<<?9E3A;<CT;<HA>956N5<88C=KLHIJ:LV8M653A;<?>6M6C:@3A83T;<
J?J9K8<M6?M35C><8GI;3C8E;69TJJ35CLM6>><M><JC<J9TL=<CTqC=<@?J935:9TLVEM4LH<Ax
;39<CJ96M<5<=I94JDK8<P

β
mX33AJ6B69:;x(n)V:Tq6B6L3A;<C

y(n) =
6

∑

k=0

h(k)x(n − k)

WM68T;4LV96M>I96L9:L3qEB6?y(n)3A;<CI;4H5<N8T;6VJ78H4;<839:JDTJ:

|y(n)| =

∣

∣

∣

∣

∣

6
∑

k=0

h(k)x(n − k)

∣

∣

∣

∣

∣

≤
6

∑

k=0

|h(k)| |x(n − k)|

X3|x(n)| < 1NC<=I@3µV@<3A;<C

|y(n)| ≤
6

∑

k=0

|h(k)| = 0.66

-./0.0\\

�=56?J9C=KJ?;I59:J:<ME=5CJ:L3;ELHA>956?t|}3A;<C

h(n) =

{

αn 0 ≤ n ≤ 6

0<>>67

�r



α
mF<JD3BC<J93A:<M3?@3A<L?>6M6A:J:96?J?J9K8<96L<?967P

β
mF<B3CD@3AE9C:<;9AJ96CD:J?;I59:J:839<H65IL3A;<C

H(z) =
1 − α7z−7

1 − αz−1
, |z| > 0

=<C;<D5:JC86M6C:@3ANC<;<JD3BC<J93A96BCIN5<88<56KL8C<LJ3J3C5IJ7;B3J:L3;EL
J?J9K8<96Lt|}83T;<J7J9:8<||}P

γ
m�C<9CLB76<?9TL?>6M6CKJ3CLV;<M56JBC65CJ93A6<5C@8EL94;M6>><M><JC<J8[;=<C94;
M56J@TJ34;M6?<M<C967;9<CNC<96;?M6>6NCJ8E=I@38C<Lq3D45CJ9KL9C8KL9:L3qEB6?
=<@[L=<C6<M<5<A9:96L<5C@8EL=<9<D45:9[;P

QR.0

α
mX3=56?J9C=K<ME=5CJ:

h(n) = αn[u(n) − u(n − 7)]

:?>6M6A:J:3?@3A<L865HKL96?J?J9K8<96L<?967V3A;<C<?9KM6?H<A;39<CM<5<=I94P

β
m�J?;I59:J:839<H65IL3A;<C

H(z) =
6

∑

n=0

h(n)z−n =
6

∑

n=0

αnz−n =
1 − (αz−1)7

1 − αz−1

:6M6A<J?N=>A;3CNC<|z| > 0Pn5<V:H(z)8M653A;<?>6M6C:@3AJ<;J3J3C5IJ7;B3J:3;ELJ?J9K8<96L||}V
H1(z) =

1

1 − αz−1

83T;<J7J9:8<t|}V
H2(z) = 1 − α7z−7

WM68T;4LV8C<3;<>><=9C=K?>6M6A:J:96?ABC6?J?J9K8<96LV3A;<C<?9KM6?H<A;39<CM<x
5<=I94P

��



EM6?6=>IB6LM6?J:83C[;39<C8396z−6<;<M<5CJ9I8C<=<@?J9T5:J:=<9I6lTqC=<@?xJ935:9TLJ?;B3B38T;6CJ3J3C5ImP
γ
m�B68K9:L<M3?@3A<L?>6M6A:J:L<M<C93ATqC=<@?J935:9TLVM6?3A;<C=<C63>IDCJ96L<M<Cx
96783;6L<5C@8ELNC<9:;?>6M6A:J:96?J?J9K8<96L<?967VTqCM6>><M><JC<J9TL=<CTqC
<@56CJ9TLP�J3J3C5IJ7;B3J:<ME9:;I>>:M>3?5IV<M<C93AT;<;3MCM>T6;=<@?J935:9KV<>>I8E;6B76J?;6>C=IM6>><M><JC<J9TL=<CB76<@56CJ9TLP

-./0.0\z

S;<6>6=>:548T;6=7=>48<�ÆÀM6?D5:JC86M6C3A9<CJ38C<3H<586NK3M3q35N<JA<LJK8<96L
M5<N8<9C=67D5E;6?lvw��db́wmV<M<C93AD5E;6NC<T;<=7=>63;96>KLAJ683Y��µcPXC<<ME9CL3;96>TL96?53M35965A6?M6?BC<@T93C966>6=>:548T;6<?9E3A;<C:3;96>KÁ�°�V839:G6K@3C<
9:L6M6A<LH659[;39<C8C<9C8K<ME9:8;K8:B3B68T;4;lJK8<3CJEB6?mVH659[;39<CI>>:8C<9C8K
<ME9:8;K8:M56N5I88<96LlJ?;93>3J9KLHA>956?mVM6>><M><JCIp6;9<C6CB76<?96A<5C@86A839<q7
96?LVM56J9A@39<C96NC;E83;EM6?M56=7M93CJ96J?JJ453?9K96?J?J9K8<96L96?6>6=>:548T;6?l���áa��duvm=<CJ9:J?;TD3C<839<=C;3A9<CT;<L<5C@8EL9:L8;K8:LB3B68T;4;J9:;3ME83;:
@TJ:l:3;T5N3C<<?9K<;9CJ96CD3AJ38C<839<9EMCJ:K=<@?J9T5:J:9:L<=6>6?@A<LB3B68T;4;mPS9JCVNC<96;?M6>6NCJ8E9:L9C8KL9:L3qEB6?3;ELHA>956?t|}9Iq:LNV9:D5E;C=KJ9CN8KnV<M<C93A9<C8C<3;96>KNC<9:;<;IN;4J:<ME96;3M3q35N<J9K9:L;T<L9C8KL9:L3CJEB6?Vx(n)VJ9:J?;TD3C<<M<C967;9<C(N + 1)3;96>TLÁ�°VNC<96;?M6>6NCJ8E96?<@56AJ8<96L

y(n) =
N

∑

k=0

h(k)x(n − k)

=<C9T>6LV8C<<=E8<3;96>KNC<9:;3q<N4NK9:L9C8KL9:L3qEB6?y(n)PWMCM>T6;VD5:JC86M6C67;9<C6=9[<=E8<=7=>6C3;96>[;NC<=I@38A<9C8K96?nV83J=6ME;<3=93>3J967;BCIH653LM5Iq3CLEM4L96M6@T9:J:9C8[;J3B3A=93L8;K8:LV8:B3;CJ8EL96?J?JJ453?9K=<CI>>3LP

α
m�<8GI;6;9<L?MEO:9<M<5<MI;4;<M56JBC65CJ93A968TNCJ96B?;<9E3756Lp[;:L96?
JK8<96LM6?8M653A;<HC>95<5CJ93A839:G6K@3C<3;ELHA>956?t|}9Iq:LN = 255VJ3M5<N8<9C=ED5E;6=<C83D5KJ:3;EL8E;66>6=>:548T;6?�ÆÀP

��



β
mS;<JK8<H4;KLxα(t)V?HAJ9<9<CB3CN8<96>:OA<83J?D;E9:9<8KHzPF<M56JBC65CJ93A968TNCJ96B?;<9E8K=6L3;ELHA>956?t|}83966M6A6;<8M653A;<HC>95<5CJ93A96JK8<
H4;KLM6??MTJ9:B3CN8<96>:OA<VJ3M5<N8<9C=ED5E;6P

QR.0

α
m�C<96J?N=3=5C8T;697M66>6=>:548T;6?�ÆÀVD53C<pE8<J93N + 11=7=>6?L3;96>KLJ?x;6>C=INC<96;?M6>6NCJ8E8C<L8E;69C8KL9:L3qEB6?3;ELHA>956?t|}9Iq:L̂PWM68T;4LV
83N = 255V@<D53C<J967;266=7=>6CM6?CJ6B?;<867;83266×10−7sVNC<96;?M6>6NCJ8E3;ELJ:83A6?9:L3qEB6?PZ?;3M[LV96JK8<M6?M5E=3C9<C;<HC>95<5CJ93AV@<?HAJ9<9<CB3CN8<96>:OA<J3J?D;E9:9<EDC83N<>7935:<ME

fs =
1

266 × 10−7
Hz = 37.6kHz

WM68T;4LV963756Lp[;:L96?JK8<96L3CJEB6?M35C65Ap39<CJ96?LY�P����lB:><BKVM5TM3C
:Xα(f);<3A;<CAJ:83968:BT;NC<|f | > 18.8���mP

β
m�B3CN8<96>:OA<96?JK8<96LH4;KLJ965?@8E94;����VM<5IN3C����B3AN8<9<96B3?935Ex>3M96PZ?;3M[LVTD6?83J9:BCI@3JK8<LD5E;6VTs = 1/8000 = 0.125 ćVNC<96;?M6>6NCJ8E
8C<L8E;69C8KL9:L3qEB6?PkD5E;6L<?9EL<;9CJ96CD3AJ3= (0.125 × 10−3)/10−7 = 1250=7=>6?L3;96>KLPS9JCV8M656783;<?>6M6CKJ6?83T;<HA>956t|}NC<96J=6ME<?9EV96?6M6A6?968K=6L@<3A;<CN = 1250 − 11 = 1239P

-./0.0\�

sM4LN;45Ap6?83V:83A4J:96?5?@867B3CN8<96>:OA<L8M653A;<3MC93?D@3A<ME9:;J3J3C5I
J7;B3J:3;ELD<8:>6M35<967HA>956?83T;<;?M6B3CN8<96>KM9:l96J?;6>C=EJ7J9:8<6;68Ip39<C
<M6B3=<9CJ9KLmVEM4LH<A;39<C=<CJ96M<5<=I94JDK8<�

WM3CBK6?M6B3CN8<96>KM9:LJ?N=5<93A=I@3H65I8E;68A<<ME9CLM3qEB6?L96?D<8:>6M35<967
HA>956?H(z)V<;96M3A;<C<5=39I83NI>6V9<M35CJJE935<<ME9<J:83A<9:L3qEB6?96?HA>956?@<<M655AM96;9<CPWM68T;4LV<;:H(z)<;9CJ96CD3AJ3T;<HA>956t|}VB3;3A;<C<M<5<A9:96L

��



6?M6>6NCJ8EL94;9C8[;M6?TD6?;<M655CH@3AV6ME93=IM6C3L<M693>3J8<9C=TL?>6M6CKJ3CL96?
<M6B3=<9CJ9Kl�w�b́�duvmV3A;<CB?;<9TLP

α
mSJ94E9C:H(z)<;9CJ96CD3AJ3T;<HA>956t|}83h(n) = 0NC<n < 0=<Cn ≥ NP];:H(z)?>6M6C:@3A839:;<M3?@3A<L865HKV;<JD3BC<J93AT;<BCINN5<8<56KLNC<96;<M6B3=<9CJ9K
=<C;<M56JBC65CJ93A6<5C@8EL94;M6>><M><JC<J8[;=<C94;M56J@TJ34;M6?<M<C967;9<C
NC<96;?M6>6NCJ8E=I@39C8KL9:L3qEB6?y(n)P

β
mF<D5:JC86M6C:@3A96N3N6;ELE9C=I@3H65I8E;68A<<ME9CLMJ96M>K@6L9C8TL9:L

w(n)J?N=5<93A9<C<ME96;?M6B3CN8<96>KM9:83J=6ME;<G53@3AT;<LMC6<M693>3J8<9C=EL95EM6L?>6M6A:J:L96?J?J9K8<96L<?967=<C;<M56JBC65CJ93A=<CMI>C6<5C@8EL94;M6>><x
M><JC<J8[;=<C94;M56J@TJ34;M6?<M<C967;9<CNC<96;?M6>6NCJ8E=I@38C<Lq3D45CJ9KL
9C8KL9:L3qEB6?y(n)P

γ
m];:H(z)<;9CJ96CD3AJ3T;<HA>956||}J?;3DAp6?;;<3A;<C3HC=96A=IM6C6C<M693>3J8<9C=6A95EM6C?>6M6A:J:L96?<M6B3=<9CJ9K�];;<CV9E93NC<M6C3LB68TL=<CM6C6?LM<5IN6;93L3A;<CM35CJJE9356<M693>3J8<9C=6A6C95EM6C<?96A�

QR.0

α
mZ78H4;<839:;?>6M6A:J:3?@3A<L865HKL96?HA>956?t|}(z)V6BC<C5T9:LTD3C9:865HKM6?H<A;39<CM<5<=I94P

WM3CBK<M<C967;9<CNM6>><M><JC<J86A=<CN−1M56J@TJ3CLNC<96;?M6>6NCJ8E=I@39C8KL9:Lw(n)=<C3M3CBK?M6>6NAp39<C8E;68C<9C8K9:Ly(n)NC<=I@3M9C8TL9:Lw(n)VNC<=I@3q3D45CJ9K9C8K9:Ly(n)3=93>67;9<CM · NM6>><M><JC<J86A=<CM · (N − 1)M56J@TJ3CLP
��



β
mWM3CBK6?M6B3CN8<96>KM9:LJ?N=5<93A=I@3H65I8E;68A<<ME9CLM9C8TL9:Lw(n)V3A;<C3HC=9K8C<MC6<M693>3J8<9C=K?>6M6A:JK96?V<;?M6>6NAp6;9<C8E;66C9C8TL3=3A;3LM6?
M35;67;8TJ<<ME<?9E;LP~I9C9T96C68M653A;<M5<N8<96M6C:@3A3;J48<9[;6;9<L96;
?M6B3CN8<96>KM9:J96HA>956t|}VEM4LH<A;39<CM<5<=I94�

o[5<V3M3CBK8E;6T;<=I@3H65I<ME9<MB3AN8<9<3CJEB6?M6>><M><JCIp39<C839:;h(k)V
:?>6M6A:J:<?9K<M<C93A8E;6̂M6>><M><JC<J867L=<ĈxYM56J@TJ3CLNC<96;?M6>6NCJ8E
=I@38C<Lq3D45CJ9KL9C8KL9:L3qEB6?y(n)PS9JCG>TM6?83E9C6J?;6>C=EL<5C@8EL94;M6>><M><JC<J8[;=<C94;M56J@TJ34;TD3C83C4@3AMH65TLP

γ
m];:H(z)<;9CJ96CD3AJ3T;<HA>956||}VJ9:N3;C=KM35AM94J:B3;3A;<CB?;<9E;<<;9Cx=<9<J9<@3A:>3C96?5NA<96??M6B3CN8<96>KM9:<ME>3C96?5NA3L94;=>IB4;VEM4L3AD3NA;3C
J9:;M35AM94J:96?HA>956?t|}P�C<M<5IB3CN8<V<;

H(z) =
1

1 + α(1)z−1

TD6?8396J7J9:8<M67H<A;39<CM<5<=I94P

�C<96;?M6>6NCJ8EV4J9EJ68C<LJ?N=3=5C8T;:L9C8KL9:Lw(n)M5TM3C;<3A;<CN;4J9K:M56:N6783;:9C8KVw(n − 1)PWM68T;4LV6?M6B3CN8<96>KM9:LB3;8M653A;<3;<>><D93A83=<;T;<;<ME96?L93>3J9TL94;=>IB4;8TJ<J96HA>956V3M3CBK=I9C9T96C6@<6B:N67J3J3
��



<ME55CO:9C8[;w(n)6C6M6A3L<M<C967;9<CNC<96;?M6>6NCJ8E83>>6;9C=[;9C8[;P]ME9:;I>>:M>3?5IV@34567839:;<M3?@3A<L?>6M6A:J:865HKL||V9:LJ?;I59:J:L

H(z) =
b(0) + b(1)z−1

1 + α(1)z−1

EM4LH<A;39<CJ96JDK8<M6?<=6>6?@3AP

WM3CBK3A;<C
w(n) = b(0)v(n) + b(1)v(n − 1)

=<C
y(n) = w(nM) = b(0)v(nM) + b(1)v(nM − 1)

6?M6B3CN8<96>KM9:L8M653A;<<;9C=<9<J9KJ3C96?L93>3J9TL94;=>IB4;M6?3=93>67;96?L
M6>><M><JC<J867L839<b(0)=<Cb(1)

EM4LH<A;39<CJ96<=E>6?@6JDK8<�

NC<96;?M6>6NCJ8E=I@38C<9C8KL9:Ly(n)V:B68K<?9K<M<C93A;<G53@67;M9C8TL9:L
v(n)VM6?<M<C967;MM6>><M><JC<J867L=<CMM56J@TJ3CLV=<@[L3MAJ:L<M<C93AB76M6>><M><JC<J867L=<C8A<M5EJ@3J:NC<96;?M6>6NCJ8E9:Ly(n)<ME9:;v(n)PWM68T;4LV6J?;6>C=EL<5C@8EL94;<M<C96783;4;M5Iq34;3A;<CM + 2M6>><M><JC<J86A=<CM + 1M56J@TJ3CLP�B68K9:L<M3?@3A<L865HKL||3A;<C:8E;:M6?3MC95TM3C9:JD39C=K6C=6;68A<94;M5Iq34;P�C<9CLB68TL9:L3?@3A<L865HKL|V9:L<;3J95<88T;:L3?@3A<L865HKLÇ=<C9:L<;3J95<88T;:L3?@3A<L865HKL||V6BC<C5T9:LJ?D;E9:9<LB3CN8<96>:OA<LB38M653A;<
<;9C=<9<J9<@3A83=<;T;<<ME96?L93>3J9TL94;=>IB4;P

��



-./0.0\�

Z9:;M56:N6783;:IJ=:J:3q39IJ@:=<;6CMC@<;6A95EM6C<M>6M6A:J:L9:L?>6M6A:J:L3;EL<M6B3x
=<9CJ9Kl�w�b́�duvmPU<5E86C3L<M>6M6CKJ3CL3A;<C3HC=9TL=<CNC<96;M<538G6>T<M6?H<A;39<CJ96<=E>6?@6JDK8<P

WM3CBK6?M35B3CN8<96>KM9:L3CJIN3CL − 18:B3;C=I<;I83J<J3BC<B6DC=IB3AN8<9<9:Lx(n);<@345:@3AE9C:H(z)3A;<C:J?;I59:J:839<H65IL3;ELHA>956?t|}=<C;<D5:JC86M6C:@3A96N3N6;ELE9CM6>>TL9C8TL9:Lw(n)3A;<CAJ3L83968:BT;T9JC[J93;<M56=7O3CT;<LMC6<M693>3xJ8<9C=EL95EM6L?>6M6A:J:L96?J?J9K8<96L<?967P

QR.0
Z96JDK8<M6?<=6>6?@3AVH<A;39<C8C<I83J:?>6M6A:J:9:LJ3J3C5IJ7;B3J:L3;EL?M35B3CN8<x
96>KM9:=<C3;ELHA>956?t|}VNC<9:;6M6A<D5:JC86M6C3A9<C:B68K9:L<;3J95<88T;:L<M3?@3A<L
865HKLP

U<5<9:56783E9C6?M6>6NCJ8EL=I@38C<Lq3D45CJ9KL9C8KL9:L3qEB6?y(n)<M<C93ANM6>><xM><JC<J867L=<CN − 1M56J@TJ3CLPÈJ9EJ6V8E;68C<=I@3H65IV<ME9CLL9C8TLM6?M6>><xM><JCIp6;9<C8396?LJ?;93>3J9TLh(n)3A;<CBCIH65:96?8:B3;ELPWM68T;4LV3A;<CM569C8E9356;<956M6M6C:@3A=<9I>>:><:B68K<?9KVT9JC[J9396HC>95I5CJ8<;<3=93>3A9<CM5C;<ME9:;
��



3CJ<N4NK94;8:B3;C=[;P�5:JC86M6C[;9<L9:B68K96?JDK8<96LV8M653A;<NA;3C3;<>><NK96?M6>><M><JC<J9KJ?D;E9:9<L8396?LM6>><M><JC<J9TL94;=>IB4;VEM4LH<A;39<C=<CJ96<=E>6?@6
JDK8<�

X39:;<M>6M6A:J:<?9KV<M<C967;9<C8E;6NM6>><M><JC<J86A=<CN − 1M56J@TJ3CLNC<=I@3
LVJ96M>K@6LV9C8TL3qEB6?P-./0.0\�

234567839:B68K3;ELHA>956?VEM4LH<A;39<CJ96M<5<=I94JDK8<P

F<G53@3A:J?;I59:J:839<H65IL=<C:=56?J9C=K<ME=5CJ:96?J?J9K8<96L<?967P
QR.0
�C<96?L953CL=E8G6?LM6?J:83C[;6;9<CJ96M<5<=I94BCIN5<88<56KLV

��



SD6?839CL<=E>6?@3L3qCJ[J3CL=E8G4;�

w(n) = x(n) + 0.2w(n − 1)

v(n) = x(n) + w(n)

y(n) = v(n) + 2w(n − 1)

�5:JC86M6C[;9<L839<JD:8<9CJ8EZV:M5[9:3qAJ4J:NA;39<C

W (z) =
1

1 − 0.2z−1
X(z)

�<8GI;6;9<L96839<JD:8<9CJ8EZ9:LB37935:L3qAJ4J:L=<C<;9C=<@CJ9[;9<L96W (z)VTD6?83�

V (z) = X(z) + W (z) = X(z) +
1

1 − 0.2z−1
X(z) =

2 − 02z−1

1 − 0.2z−1
X(z)

oT>6LV><8GI;6;9<L96839<D:8<9CJ8EZ9:L93>3?9<A<L3qAJ4J:LVG5AJ=6?83

Y (z) = V (z) + 2z−1W (z) =

[

2 − 0.2z−1

1 − 0.2z−1
+ 2z−1 1

1 − 0.2z−1

]

X(z) =
2 + 1.8z−1

1 − 0.2z−1
X(z)

WM68T;4L:J?;I59:J:839<H65IL3A;<C

H(z) =
2 + 1.8z−1

1 − 0.2z−1

~<C:=56?J9C=K<ME=5CJ:3A;<C

h(n) = 2(0.2)nu(n) + 1.8(0.2)n−1u(n − 1)

-./0.0\¡

F<G53@3A:J?;I59:J:839<H65IL96?M<5<=I94J?J9K8<96L=<C;<M56JBC65CJ967;6CJ?;@K=3L
NC<96?LJ?;93>3J9TLα(1)Vα(2)Vα(3)=<Cα(4)VT9JC[J9396J7J9:8<;<3A;<C3?J9<@TL�

�Y



QR.0
�M5[9:M<5<9K5:J:MI;4J96J7J9:8<<?9EV3A;<CE9C<;9CJ96CD3AJ3T;<J?J9K8<<;IB5<J:L9:L
865HKLM6?H<A;39<CJ96<=E>6?@6JDK8<�

sM6?G(z)<;9CJ96CD3AJ3T;<J7J9:8<B37935:L9Iq:LJ<;<?9EM6?H<A;39<CM<5<=I94P

WM68T;4L3A;<C
Y (z) = X(z) + G(z)Y (z)

=<C
H(z) =

1

1 − G(z)

�r



�C<;<G53@3A:G(z)Vq3=C;I83N5IH6;9<L9CL3qCJ[J3CL=E8G4;NC<96J?J9K8<<?9E�
u1(n) = α(3)v(n) + u2(n − 1) + α(1)w(n)

u2(n) = α(4)v(n) + α(2)w(n)

w(n) = u1(n − 1)

�<8GI;6;9<L96839<JD:8<9CJ8EZ94;M5[94;B763qCJ[J34;VTD6?83
U1(z) = α(3)V (z) + z−1U2(z) + α(1)W (z)

U2(z) = α(4)V (z) + α(2)W (z)

];9C=<@CJ9[;9<L9:B37935:3qAJ4J:J9:;M5[9:TD6?83
U1(z) = α(3)V (z) + z−1 [α(4)V (z) + α(2)W (z)] + α(1)W (z)

oT>6LV<ME9:;93>3?9<A<3qAJ4J:BC<H65[;TD6?83
W (z) = z−1U1(z) = z−1

{

α(3)V (z) + z−1 [α(4)V (z) + α(2)W (z)] + α(1)W (z)
}

K
W (z)

[

1 − α(1)z−1 − α(2)z−2
]

=
[

α(3)z−1 + α(4)z−2
]

V (z)

WM68T;4L3A;<C
G(z) =

W (z)

V (z)
=

α(3)z−1 + α(4)z−2

1 − α(1)z−1 − α(2)z−2

=<CNC<9:;H(z)
TD6?83V

H(z) =
1

1 − G(z)
=

1

1 − (α(3)z−1 + α(4)z−2)/(1 − α(1)z−1 − α(2)z−2)

=
1 − α(1)z−1 − α(2)z−2

1 − α(1)z−1 − α(2)z−2 − α(3)z−1 − α(4)z−2

=
1 − α(1)z−1 − α(2)z−2

1 − [α(1) + α(3)] z−1 − [α(2) + α(4)] z−2

ZD39C=I839:;3?J9I@3C<9[5<VM5TM3C=<C<5=3AV6CJ?;93>3J9TL[α(2) + α(4)]=<C[α(1) + α(3)];<G5AJ=6;9<CJ963J4935C=E96?95CN[;6?3?J9I@3C<LVNC<966M6A6<M<C93A9<C

|α(2) + α(4)| < 1 =<C|α(1) + α(3)| < 1 − α(2) − α(4)

-./0.0\̄

2345678396HA>956D9T;<Ll�úÉÃb�dwvmÊ9T9<59:L9Iq:L83J?;I59:J:839<H65IL

H(z) = A
1 + z−4

1 + α4z−4

EM6?0 < α < 1PËÌÍÎÏÐÑÒÍÓÑÔÕÍÖ×Õ×ØÙÚ×ÕÑÍÛÔÑÜÛÝÞÍÛÑÏÍÖÑßÖØ×ÒÎàÖÑßÖÍáâãÒÛÜßÖÜäÓÕâÑßÑÙÖÑ×äÖå
��



α
mF<JD3BC<J93A96BCIN5<88<ME>4;x8:B3;C=[;9:LH(z)P

β
mF<G53@3A:9C8K9:LM<5<8T956?AVT9JC[J93:9C8K9:L=65?HKL96?=T5B6?L96?HA>956?;<CJ679<C83rP

γ
mF<G53@3A8C<B68K?>6M6A:J:L96?HA>956?<?967M6?<M<C93A8E;6T;<;M6>><M><JC<J9KP

QR.0

α
mo6HA>956D9T;<LTD3C9TJJ35<8:B3;C=IMI;4J9686;<BC<A6=7=>6VJ9<J:83A<

βk = ej(2k+1)π/4Vk = 0, 1, 2, 3

=<@[L=<C9TJJ35CLME>6?LJ9<J:83A<

αk = αej(2k+1)π/4Vk = 0, 1, 2, 3

Z96M<5<=I94JDK8<H<A;39<C96BCIN5<88<ME>4;x8:B3;C=[;9:LH(z)�

β
mWq<C9A<L94;8:B3;C=[;M6?G5AJ=6;9<CMI;4J9686;<BC<A6=7=>6V96M>I96L9:L<ME=5CJ:L
J?D;E9:9<L3A;<C8:BT;J9CLJ?D;E9:93Lωk = (2k + 1)π/4NC<k = 0, 1, 2, 3=<C<?qI;39<C
86;E96;<8TD5C;<H9IJ3C8C<8TNCJ9:9C8KJ9CLJ?D;E9:93LM6?G5AJ=6;9<CJ963;BCI83J694;
8:B3;C=[;NC<ωk = kπ/2PZ?;3M[LVNC<;<3A;<C:9C8K=65?HKL96?=T5B6?L96?HA>956?AJ:83rV@T>6?83

H(z)|z=1 = 2

M6?J?;3MIN39<CE9C
A =

2

1 + α4
= 2

K
A = 1 + α4
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γ
mX39:J?;I59:J:839<H65IL

H(z) = (1 + α4)
1 + z−4

1 + α4z−4

8M656783;<?>6M6CKJ6?8396J7J9:8<<?9ED5:JC86M6C[;9<LB76M6>><M><JC<J9TLVEM4L
H<A;39<CJ96M<5<=I94JDK8<P

U<5<9:56783E84LE9C96J7J9:8<8M653A;<?>6M6C:@3A83T;<;M6>><M><JC<J9K4L3qKL�

kC3qCJ[J3CLBC<H65[;NC<96BC=9748<<?9E3A;<C

w(n) = x(n) + α4 [x(n) − w(n − 4)]

y(n) = w(n) + w(n − 4)
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